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Abstract
Conformal fields in flat space-time of even dimension greater than or equal to four are studied.
Second-derivative formulation for spin 0, 1, 2 conformal bosonic fields and first-derivative formu-
lation for spin 1/2, 3/2 conformal fermionic fields are developed. For the spin 1, 3/2, 2 conformal
fields, we obtain gauge invariant Lagrangians and the corresponding gauge transformations. Gauge
symmetries are realized by involving Stueckelberg fields and auxiliary fields. Realization of global
conformal boost symmetries is obtained. Modified Lorentz and de Donder gauge conditions are
introduced. Ordinary-derivative Lagrangian of interacting Weyl gravity in 4d is obtained. In our
approach, the field content of Weyl gravity, in addition to conformal graviton field, includes one
auxiliary rank-2 symmetric tensor field and one Stueckelberg vector field. With respect to the aux-
iliary tensor field, the Lagrangian contains, in addition to other terms, the Pauli-Fierz mass term.
Using the ordinary-derivative Lagrangian of Weyl gravity, we discuss interrelation of Einstein AdS
gravity and Weyl gravity via breaking conformal gauge symmetries. Also, we demonstrate use of
the light-cone gauge for counting on-shell degrees of freedom in higher-derivative conformal field
theories.
∗E-mail: metsaev@lpi.ru
1
1 Introduction
In view of the aesthetic features of conformal field theory a interest in this theory was periodically
renewed (see Ref.[1] and references therein). Conjectured duality [2] of large N conformalN = 4
SYM theory and type IIB superstring theory in AdS5×S5 background has triggered intensive and
in-depth study of various aspects of conformal fields. Conformal fields in space-time of dimension
d ≥ 4 can be separated into two groups: fundamental conformal fields and shadow fields. This is
to say that field having Lorentz algebra spin s and conformal dimension ∆ = s+ d− 2 is referred
to as fundamental field,1 while field having Lorentz algebra spin s and dual conformal dimension
∆ˆ = d − ∆ is sometimes referred to as shadow field. It is the shadow fields that are used to
discuss conformal equations of motion and Lagrangian formulations (see e.g. Refs.[1],[4],[5]2). In
the framework of AdS/CFT correspondence, the shadow fields manifest themselves in two related
ways at least. First, they appear as boundary values of non-normalazible solution of equations of
motion for bulk fields in AdS background (see e.g. Refs.[7]-[11]3). It turns out that the action
of IIB supergravity expanded over AdS5 × S5 background and evaluated over Dirichlet problem
reproduces the action of N = 4 conformal supergravity [14].4 Second, shadow fields appearing in
the conformal graviton supermultiplet ofN = 4 superconformal algebra constitute the field content
of N = 4 conformal supergravity and these shadow fields couple to operators constructed out of
the fields ofN = 4 supersymmetric YM theory. Note also that N = 4 conformal supergravity has
the same global supersymmetries, though realized in a different way, as supergravity/superstring
theory in AdS5 × S5 background. In view of these relations to IIB supergravity/superstring and
supersymmetric YM theories, we think that various alternative formulations of shadow fields will
be useful to understand string/gauge theory dualities better. In this paper, we deal with the shadow
fields. These fields will be referred to as conformal fields in what follows.
Lagrangian formulation of most conformal fields involves the higher derivatives. The purpose
of this paper is to develop ordinary-derivative, gauge invariant, and Lagrangian formulation for
free conformal fields. Our approach can be summarized as follows.
i) We introduce additional field degrees of freedom (D.o.F), i.e., we extend the space of fields en-
tering the standard higher-derivative theories. Some of the additional fields turn out to be Stueck-
elberg fields, while the remaining additional fields turn out to be auxiliary fields.5
ii) Our Lagrangian for bosonic (fermionic) conformal field does not contain higher than second
(first) order terms in derivatives. Two-derivative (one-derivative) contributions to the Lagrangian
take the form of the standard kinetic terms of bosonic (fermionic) fields.
iii) All vector, tensor and vector-spinor fields are supplemented by appropriate gauge symmetries.6
Gauge transformations of conformal fields do not involve higher than first order terms in deriva-
tives. One-derivative contributions to the gauge transformations take the form of the standard
1We note that fundamental conformal fields with s = 1, ∆ = d − 1 and s = 2, ∆ = d, correspond to con-
served vector current and conserved traceless rank-2 tensor field (energy-momentum tensor) respectively. Conserved
conformal currents can be built from massless scalar, spinor and spin-1 fields (see e.g. Ref.[3]).
2Discussion of equations for mixed-symmetry conformal fields with discrete ∆ may be found in Ref.[6].
3In earlier literature, discussion of shadow field dualities may be found in Refs.[12, 13].
4Also, conformal symmetries manifest themselves in the tensionless limit of strings [15] (see also Refs.[16, 17]).
5To develop ordinary-derivative approach one can use the Ostrogradsky method. The conventional use of this
method leads to appearance only the auxiliary fields. Our method leads automatically to the appearance of both
auxiliary and Stueckelberg fields. The method involves two steps. First, we use light-cone gauge to classify on-shell
D.o.F of the standard higher-derivative theories according to irreps of the so(d−2) algebra. Second, we replace irreps
of the so(d− 2) algebra by the corresponding representations of the Lorentz algebra so(d− 1, 1) .
6To realize those additional gauge symmetries we adopt the approach of Refs.[18, 19] which turns out to be the
most useful for our purposes.
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gradient gauge transformations of the vector, tensor, and vector-spinor fields.
iv) The gauge symmetries of our Lagrangian make it possible to match our approach with the
higher-derivative one, i.e., by gauging away the Stueckelberg fields and by solving constraints for
the auxiliary fields we obtain the standard higher-derivative formulation of conformal fields. This
implies that our approach retain propagating D.o.F of the higher-derivative conformal field theory,
i.e., our approach is equivalent to the higher-derivative one, at least at the classical level.
Stueckelberg approach turned out to be successful for the study of theories involving massive
fields (see e.g. Ref.[20]). Recall that all Lorentz covariant formulations of string theories are
realized by using Stueckelberg fields. Therefore we expect that the use of Stueckelberg fields
might be useful for developing new interesting formulations of conformal field theory.
This paper is devoted to ordinary-derivative formulation of free low-spin conformal fields in
space-time of even dimension d ≥ 4. Note however that, for the case of spin-2 field in 4d, we also
discuss the ordinary-derivative formulation of interacting conformal field theory which is related
to Weyl conformal gravity in 4d.
The rest of the paper is organized as follows.
In Sec. 3, we discuss conformal scalar field. In Sec. 3.1 we start with brief review of the
higher-derivative formulation of conformal scalar field, while, in Sec. 3.2, we review the well-
known ordinary-derivative formulation of conformal scalar field. We use conformal oscillators to
demonstrate how those oscillators allow us to simplify the presentation of the well-known ordinary-
derivative Lagrangian for the conformal scalar field. We review realization of global conformal
algebra symmetries on space of fields entering the ordinary-derivative formulation.
Sec. 4 is devoted to the discussion of spin-1 conformal field. In Sec. 4.1 we start with brief
review of the higher-derivative formulation of spin-1 conformal field. Using light-cone gauge, we
describe on-shell D.o.F appearing in the standard higher-derivative approach to spin-1 conformal
field. After this, in Sec. 4.2, we describe our ordinary-derivative Lorentz covariant and gauge
invariant formulation of the spin-1 conformal field. Also we discuss modified Lorentz gauge.
Sec. 5 is devoted to the discussion of spin-2 conformal field. In this Section, we generalize
results of Sec. 4 to the case of spin-2 conformal field. Also, we describe modified de Donder gauge
for the spin-2 conformal field.
In Sec. 6, we describe the ordinary-derivative formulation of interacting theory of 4d confor-
mal gravity, i.e., we provide the ordinary-derivative formulation of 4d Weyl gravity. We discuss
ordinary-derivative gauge invariant Lagrangian and its gauge symmetries. Also we discuss inter-
relation of Einstein AdS gravity and Weyl gravity via breaking conformal gauge symmetries.
In Sec. 7, we discuss spin-1
2
conformal field. In Sec. 7.1 we review the higher-derivative
formulation of spin-1
2
conformal field. After this, in Sec. 7.2, we describe the ordinary-derivative
formulation of spin-1
2
conformal field.
Sec. 8 is devoted to spin-3
2
conformal field. In Sec. 8.1, we briefly review the higher-
derivative formulation of spin-3
2
conformal field. Also we present two new representations for
higher-derivative Lagrangian which to our knowledge have not been discussed in literature. Us-
ing the light-cone gauge, we describe on-shell D.o.F of the standard higher-derivative Lagrangian.
After this, in Sec. 8.2, we develop our ordinary-derivative formulation of spin-3
2
conformal field.
Section 9 suggests directions for future research.
Technical details are collected in Appendices. In Appendices A,C,E, we derive on-shell D.o.F.
of the standard higher-derivative theories for the respective spin-1, spin-2, and spin-3
2
conformal
fields. In Appendices B,D,F we present details of the derivation of ordinary-derivative gauge
invariant Lagrangian and gauge transformations for the respective spin-1, spin-2, and spin-3
2
con-
formal fields.
3
2 Preliminaries
2.1 Notation
Our conventions are as follows. xa denotes coordinates in d-dimensional flat space-time, while
∂a denotes derivatives with respect to xa, ∂a ≡ ∂/∂xa. Vector indices of the Lorentz algebra
so(d−1, 1) take the values a, b, c, e = 0, 1, . . . , d−1. We use the mostly positive flat metric tensor
ηab. To simplify our expressions we drop ηab in scalar products, i.e., we use XaY a ≡ ηabXaY b.
We use a set of the creation operators αa, ζ , υ⊕, υ⊖, and the respective set of annihilation
operators α¯a, ζ¯, υ¯⊖, υ¯⊕. These operators, to be referred to as oscillators in what follows, satisfy
the commutation relations7
[α¯a, αb] = ηab , [ζ¯ , ζ ] = 1 , [υ¯⊕, υ⊖] = 1 , [υ¯⊖, υ⊕] = 1 , (2.1)
α¯a|0〉 = 0 , ζ¯|0〉 = 0 , υ¯⊕|0〉 = 0 , υ¯⊖|0〉 = 0 . (2.2)
The oscillators αa, α¯a and ζ , ζ¯, υ⊕, υ⊖, υ¯⊕, υ¯⊖ transform in the respective vector and scalar
representations of the Lorentz algebra so(d − 1, 1). We use 2[d/2] × 2[d/2] Dirac gamma matrices
γa in d-dimensions, {γa, γb} = 2ηab, and adapt the following hermitian conjugation rules for the
derivatives, oscillators, and γ-matrices:
∂a† = −∂a, γa† = γ0γaγ0 , αa† = α¯a , ζ† = ζ¯ , υ⊕† = υ¯⊕ , υ⊖† = υ¯⊖ .
(2.3)
We use operators constructed out of the derivatives, oscillators, and γ-matrices,
✷ ≡ ∂a∂a , ∂/ ≡ γa∂a , α∂ ≡ αa∂a , α¯∂ ≡ α¯a∂a , (2.4)
γα ≡ γaαa , γα¯ ≡ γaα¯a , α2 ≡ αaαa , α¯2 ≡ α¯aα¯a , (2.5)
Nα ≡ αaα¯a , Nζ ≡ ζζ¯ , Nυ⊕ ≡ υ⊕υ¯⊖ , Nυ⊖ ≡ υ⊖υ¯⊕ , (2.6)
Nυ ≡ Nυ⊕ +Nυ⊖ , ∆′ ≡ Nυ⊕ −Nυ⊖ . (2.7)
The 2× 2 matrices and antisymmetric products of γ-matrices are defined as
σ+ =
(
0 1
0 0
)
, σ− =
(
0 0
1 0
)
, π+ =
(
1 0
0 0
)
, π− =
(
0 0
0 1
)
, (2.8)
γab =
1
2
(γaγb − γbγa) , γabc = 1
3!
(γaγbγc ± 5 terms) . (2.9)
Throughout the paper the notation k′ ∈ [n]1 implies that k′ = −n,−n+1,−n+2, . . . , n− 2, n−
1, n, while the notation k′ ∈ [n]2 implies that k′ = −n,−n + 2,−n+ 4, . . . , n− 4, n− 2, n:
k′ ∈ [n]1 =⇒ k′ = −n,−n + 1,−n + 2, . . . , n− 2, n− 1, n , (2.10)
k′ ∈ [n]2 =⇒ k′ = −n,−n + 2,−n + 4, . . . , n− 4, n− 2, n . (2.11)
7We use oscillator formulation [21, 22, 23] to handle the many indices appearing for tensor fields. It can also
be reformulated as an algebra acting on the symmetric-spinor bundle on the manifold M [24]. Note that the scalar
oscillators ζ, ζ¯ , which appeared in gauge invariant formulation of massive fields, arise naturally by a dimensional
reduction [25, 24] from flat space. It is natural to expect that ‘conformal’ oscillators υ⊕, υ⊖, υ¯⊕, υ¯⊖ also allow certain
interpretation via dimensional reduction.
4
2.2 Global conformal symmetries
The conformal algebra so(d, 2) of d dimensional space-time taken to be in basis of the Lorentz
algebra so(d − 1, 1) consists of translation generators P a, conformal boost generators Ka, and
generators Jab which span the Lorentz algebra so(d−1, 1). We assume the following normalization
for commutators of the conformal algebra:
[D,P a] = −P a , [P a, J bc] = ηabP c − ηacP b , (2.12)
[D,Ka] = Ka , [Ka, J bc] = ηabKc − ηacKb , (2.13)
[P a, Kb] = ηabD − Jab , (2.14)
[Jab, Jce] = ηbcJae + 3 terms . (2.15)
Let |φ〉 denotes free field propagating in flat space-time of dimension d ≥ 4. Let Lagrangian
for the field |φ〉 be conformal invariant. This implies that Lagrangian is invariant (up to total
derivative) under the transformations
δGˆ|φ〉 = Gˆ|φ〉 , (2.16)
where the realization of the conformal algebra generators Gˆ on space of |φ〉 takes the form
P a = ∂a , (2.17)
Jab = xa∂b − xb∂a +Mab , (2.18)
D = xa∂a +∆ , (2.19)
Ka = Ka∆,M +R
a , (2.20)
Ka∆,M ≡ −
1
2
xbxb∂a + xaD +Mabxb . (2.21)
In (2.18)-(2.20), ∆ is operator of conformal dimension,Mab is spin operator of the Lorentz algebra,
[Mab,M ce] = ηbcMae + 3 terms , (2.22)
and Ra is operator depending on the derivatives with respect to space-time coordinates and not
depending on the space-time coordinates xa, [P a, Rb] = 0.8 The spin operator of the Lorentz
algebra is well known for arbitrary spin conformal field. In standard higher-derivative formulations
of conformal fields, the operator Ra is often equal to zero, while in ordinary-derivative approach,
we develop in this paper, the operator Ra is non-trivial. This implies that, in the ordinary-derivative
approach, complete description of the conformal fields requires finding not only gauge invariant
Lagrangian but also the operator Ra. It turns out that requiring Lagrangian to be invariant under
gauge symmetries and global conformal algebra symmetries allows us to fix both the Lagrangian
and the operator Ra uniquely.
8For the case of conformal currents and shadow fields studied in Refs.[26, 27, 28], the operatorRa does not depend
on the derivatives.
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3 Conformal scalar field
As a warm up let us consider spin-0 field (scalar field). To make contact with studies in earlier
literature we start with the presentation of the standard higher-derivative formulation for the scalar
field.
3.1 Higher-derivative formulation of conformal scalar field
In the framework of the standard approach, conformal scalar field φ propagating in flat space of
arbitrary dimension d is described by the Lagrangian
L = 1
2
φ✷1+kφ , (3.1)
where k is arbitrary positive integer independent of d. For k = 0, Lagrangian (3.1) describes
field associated with unitary representation of the conformal algebra so(d, 2), while, for k ≥ 1,
Lagrangian (3.1) describes field related to non-unitary representation of the conformal algebra.9
The field φ has the conformal dimension
∆φ =
d− 2
2
− k . (3.2)
3.2 Ordinary-derivative formulation of conformal scalar field
In the framework of ordinary-derivative approach, a dynamical system that on-shell equivalent to
the conformal scalar field φ with Lagrangian (3.1) involves k + 1 scalar fields
φk′ , k
′ ∈ [k]2 , k − arbitrary positive integer , (3.3)
where we use the notation as in (2.11). Conformal dimensions of the scalar fields φk′ are given by
∆φk′ =
d− 2
2
+ k′ . (3.4)
To handle the many scalar fields (3.3) we use oscillators υ⊕, υ⊖ (2.1) and introduce the ket-
vector defined by
|φ〉 ≡
∑
k′∈[k]2
1
(k+k
′
2
)!
(υ⊕)
k+k′
2 (υ⊖)
k−k′
2 φk′|0〉 , (3.5)
where a bra-vector 〈φ| is defined according the rule 〈φ| = (|φ〉)†. We note that ket-vector |φ〉 (3.5)
is degree-k homogeneous polynomial in the oscillators υ⊕, υ⊖,
(Nυ − k)|φ〉 = 0 . (3.6)
Ordinary-derivative Lagrangian can entirely be expressed in terms of the ket-vector |φ〉. This is to
say that Lagrangian we found takes the form10
L = 1
2
〈φ|E|φ〉 , E ≡ ✷−m2 , m2 ≡ υ⊖υ¯⊖ . (3.7)
9By now, unitary representations of (super)conformal algebras that are relevant for elementary particles are well
understood (for discussion of conformal algebras see e.g. Refs.[29]-[33] and superconformal algebras Refs.[34, 35]).
In contrast to this, non-unitary representations deserve to be understood better.
10We introduce mass-like term m2 to show formal similarity between our Lagrangian and the one for massive field.
6
Component form of Lagrangian. For the reader convenience, we present component form
of the Lagrangian. The component form of Lagrangian (3.7) can easily be obtained by plugging
ket-vector (3.5) into (3.7). Doing so, we obtain
L =
∑
k′∈[k]2
Lk′ , Lk′ = 1
2
φ−k′✷φk′ − 1
2
φ−k′φk′+2 . (3.8)
To illustrate (3.8), we note that, for k = 1, 2, 3, Lagrangian (3.8) takes the form
L|k=1 = φ−1✷φ1 −
1
2
φ
1
φ
1
,
L|k=2 = φ−2✷φ2 +
1
2
φ0✷φ0 − φ0φ2 , (3.9)
L|k=3 = φ−3✷φ3 + φ−1✷φ1 − φ−1φ3 −
1
2
φ1φ1 .
We now make comment on the interrelation of ordinary-derivative Lagrangian (3.8) and higher-
derivative Lagrangian (3.1). To this end we note that the scalar field φ−k has the same conformal
dimension as the scalar field φ entering the higher-derivative approach (3.2). Therefore, we can
use the identification φ−k = φ. The remaining scalar fields φk′, k′ = −k + 2,−k + 4, . . . k − 2, k,
are auxiliary fields. Using equations of motion for auxiliary fields obtained from Lagrangian (3.8),
✷φk′−2 − φk′ = 0, we can express all auxiliary fields in terms of φ−k ≡ φ,
φk′ = ✷
k+k′
2 φ , k′ = −k + 2,−k + 4, . . . , k − 2, k . (3.10)
Plugging (3.10) into (3.8), we obtain higher-derivative Lagrangian (3.1), i.e., our approach and
higher-derivative approach are equivalent.
Conformal symmetries. To complete ordinary-derivative description of the scalar field we
provide realization of the conformal algebra symmetries on space of the ket-vector |φ〉. All that
is required is to find realization of the operators Mab, ∆ and Ra (2.17)-(2.20) on space of |φ〉.
For the case of scalar field, the spin operator of the Lorentz algebra is trivial, Mab = 0, while the
realization of conformal dimension operator ∆ and operator Ra on space of |φ〉 (3.5) is given by
∆ =
d− 2
2
+ ∆′ , ∆′ ≡ Nυ⊕ −Nυ⊖ ,
(3.11)
Ra = −2υ⊕υ¯⊕∂a ,
where realization of ∆ on space of |φ〉 (3.11) can be read from (3.4). Plugging Ra (3.11) into
(2.20), we check that the commutator [Ka, Kb] = 0 is satisfied. In terms of component fields (3.3),
Ra transformations take the form
δRaφk′ = −1
2
(k + k′)(k + 2− k′)∂aφk′−2 . (3.12)
Finally, we note that the Lagrangian and operator Ra are fixed uniquely by requiring that11
i) Lagrangian does not contain higher than second order terms in derivatives;
ii) operator Ra does not contain higher than first order terms in derivatives;
iii) Lagrangian is invariant under conformal algebra symmetries so(d, 2).
11Various alternative discussions of higher-derivative theories may be found in Refs.[36, 37, 38].
7
4 Spin-1 conformal field
We proceed with discussion of conformal field theory for spin-1 field which is the simplest example
allowing us to demonstrate how gauge symmetries are realized in the ordinary-derivative approach.
We start with the presentation of the standard higher-derivative approach to the spin-1 field.
4.1 Higher-derivative formulation of spin-1 conformal field
In the framework of the standard approach, spin-1 conformal field φa propagating in flat space of
arbitrary dimension d ≥ 4 is described by the Lagrangian
L = −1
4
F ab✷kF ab , F ab ≡ ∂aφb − ∂bφa , k ≡ d− 4
2
. (4.1)
We see that, for the case of spin-1 field, the integer k turns out to be fixed by dimension of space-
time. For k = 0 (i.e., d = 4), Lagrangian (4.1) describes Maxwell vector field associated with
unitary representation of the conformal algebra so(4, 2). For k ≥ 1 (i.e., d ≥ 6), Lagrangian (4.1)
describes the spin-1 field related to non-unitary representation of the conformal algebra so(d, 2).
The field φa has conformal dimension independent of space-time dimension, ∆φa = 1.
Let us now discuss on-shell D.o.F of the conformal theory under consideration. For this pur-
pose it is convenient to use fields transforming in irreps of the so(d − 2) algebra. Namely, we
decompose on-shell D.o.F into irreps of the so(d − 2) algebra. One can prove (for details, see
Appendix A) that on-shell D.o.F are described by k + 1 vector fields φik′ and k scalar fields φk′:
φik′ k
′ ∈ [k]2 ;
(4.2)
φk′, k
′ ∈ [k − 1]2 ,
where vector indices of the so(d−2) algebra take values i = 1, 2, . . . , d−2 and we use the notation
as in (2.11). The fields φik′ and φk′ transform in the respective vector and scalar representations
of the so(d − 2) algebra. We note that the scalar on-shell D.o.F (4.2) appear only in d ≥ 6 (i.e.,
k ≥ 1). Total number of on-shell D.o.F given in (4.2) is equal to
n =
1
2
d(d− 3) . (4.3)
Namely, we note that n (4.3) is a sum of the respective on-shell D.o.F for the vector fields n(φik′)
and on-shell D.o.F for the scalar fields n(φk′),
n =
∑
k′∈[k]2
n(φik′) +
∑
k′∈[k−1]2
n(φk′) ,
n(φik′) = d− 2, n(φk′) = 1 . (4.4)
4.2 Ordinary-derivative formulation of spin-1 conformal field
Field content. To discuss ordinary-derivative gauge invariant formulation of spin-1 conformal
field in flat space of dimension d ≥ 4 we use k + 1 vector fields φak′ and k scalar fields φk′:
8
φak′ , k
′ ∈ [k]2 ;
k ≡ d− 4
2
, (4.5)
φk′, k
′ ∈ [k − 1]2 ;
where we use the notation as in (2.11). The fields φak′ and φk′ transform in the respective vector
and scalar irreps of the Lorentz algebra so(d− 1, 1) and have the conformal dimensions
∆φa
k′
=
d− 2
2
+ k′ , ∆φk′ =
d− 2
2
+ k′ . (4.6)
Note that scalar fields φk′ (4.5) appear only when d ≥ 6 (i.e., k ≥ 1).
Comparison of light-cone gauge fields (4.2) and Lorentz fields (4.5) demonstrates the general
rule we use to obtain the field content of gauge invariant ordinary-derivative formulation. Namely,
all that is required is to replace on-shell light-cone gauge fields of the so(d − 2) algebra by the
respective fields of the Lorentz algebra so(d− 1, 1).12
In order to obtain gauge invariant description in an easy–to–use form we use oscillators αa, ζ ,
υ⊕, υ⊖ (2.1). Namely, we collect fields (4.5) into the ket-vector |φ〉 defined by
|φ〉 = |φ1〉+ ζ |φ0〉 , (4.7)
|φ1〉 ≡
∑
k′∈[k]2
1
(k+k
′
2
)!
αa(υ⊕)
k+k′
2 (υ⊖)
k−k′
2 φak′|0〉 , (4.8)
|φ0〉 ≡
∑
k′∈[k−1]2
1
(k−1+k
′
2
)!
(υ⊕)
k−1+k′
2 (υ⊖)
k−1−k′
2 φk′|0〉 . (4.9)
From (4.7)-(4.9), we see that the ket-vectors |φ〉, |φ1〉, and |φ0〉 satisfy the constraints
(Nα +Nζ)|φ〉 = |φ〉 , (Nζ +Nυ)|φ〉 = k|φ〉 , (4.10)
Nυ|φ1〉 = k|φ1〉 , Nυ|φ0〉 = (k − 1)|φ0〉 . (4.11)
Constraints (4.10) tell us that the ket-vector |φ〉 is degree-1 homogeneous polynomial in the os-
cillators αa, ζ , and degree-k homogeneous polynomial in the oscillators ζ , υ⊕, υ⊖. Constraints
(4.11) tell us that the ket-vectors |φ1〉 and |φ0〉 are the respective degree-k and k− 1 homogeneous
polynomials in the oscillators υ⊕, υ⊖.
Having described the field content, we are ready to discuss Lagrangian in the framework of
ordinary-derivative approach. We would like to discuss two representations for the Lagrangian.
We discuss these representations in turn.
1st representation for Lagrangian. Lagrangian we found takes the form
L = 1
2
〈φ|E|φ〉 , (4.12)
E ≡ E(2) + E(1) + E(0) , (4.13)
12Such a rule can be used when there is one-to-one mapping between spin labels of the so(d− 2) algebra and those
of the Lorentz algebra so(d− 1, 1).
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E(2) = ✷− α∂α¯∂ , (4.14)
E(1) = e¯1α∂ + e1α¯∂ , (4.15)
E(0) = m1 , (4.16)
e1 = ζυ¯
⊖ , e¯1 = −υ⊖ζ¯ , m1 = υ⊖υ¯⊖(Nζ − 1) , (4.17)
where the notation we use can be found in (2.4)-(2.7). We note that operator E(2) appearing in
(4.14) is the standard second-order Maxwell operator rewritten in terms of the oscillators.
2nd representation for Lagrangian. For the reader convenience, we discuss this representa-
tion because it allows us to introduce Lorentz like gauge condition for the spin-1 conformal field.
This is to say that Lagrangian (4.12) can be represented as
L = 1
2
〈φ|(✷−m2)|φ〉+ 1
2
〈C¯φ|C¯φ〉 ,
C¯ ≡ α¯∂ − e¯1 , m2 ≡ υ⊖υ¯⊖ , (4.18)
where e¯1 is defined in (4.17). We now note that it is operator C¯ (4.18) that defines Lorentz like
gauge condition for the spin-1 conformal field,
C¯|φ〉 = 0 . (4.19)
Interesting feature of the 2nd representation is that mass-like operator m2 (4.18) takes the same
form as for the scalar field (see (3.7)).
Gauge transformations. We now discuss gauge symmetries of the conformal theory under
consideration. To this end we introduce the gauge transformation parameters
ξk′−1 k
′ ∈ [k]2 , (4.20)
where k is given in (4.5). The gauge transformation parameters ξk′ are scalar fields of the Lorentz
algebra so(d− 1, 1). As usually, we collect ξk′ in the ket-vector |ξ〉 defined by
|ξ〉 ≡
∑
k′∈[k]2
1
(k+k
′
2
)!
(υ⊕)
k+k′
2 (υ⊖)
k−k′
2 ξk′−1|0〉 . (4.21)
The ket-vector of gauge transformation parameters |ξ〉 satisfies the algebraic constraint
Nυ|ξ〉 = k|ξ〉 , (4.22)
which tells us that |ξ〉 is a degree-k homogeneous polynomial in the oscillators υ⊕, υ⊖.
In terms of the ket-vectors |φ〉 and |ξ〉, gauge transformations we found take the form
δ|φ〉 = G|ξ〉 , G ≡ α∂ − e1 , (4.23)
where e1 is given in (4.17).
Component form of Lagrangian and gauge transformations. The component form of La-
grangian is obtained by plugging ket-vector (4.7) into (4.12). Doing so, we obtain the component
form of the 1st representation for Lagrangian
L =
∑
k′∈[k]2
Lk′ , (4.24)
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Lk′ = 1
2
φa−k′EMaxφ
a
k′ +
1
2
φ−k′+1✷φk′−1 + φ−k′+1∂
aφak′ −
1
2
φa−k′φ
a
k′+2 , (4.25)
EMaxφ
a = ✷φa − ∂a∂bφb . (4.26)
We now see explicitly that two-derivative contributions to Lagrangian (4.24) are the standard
Maxwell kinetic terms for the vector fields φak′ and the standard Klein-Gordon kinetic terms for the
scalar fields φk′. Note however that, in addition to the two-derivative contributions, the Lagrangian
involves one-derivative contributions and derivative-independent mass-like contributions.
The second representation for Lagrangian given in (4.18) can also be rewritten in the compo-
nent form. Namely, Lagrangian (4.18) can be presented as in (4.24) with Lk′ given by
Lk′ = 1
2
φa−k′✷φ
a
k′ +
1
2
φ−k′+1✷φk′−1
+
1
2
C−k′+1Ck′+1 − 1
2
φa−k′φ
a
k′+2 −
1
2
φ−k′+1φk′+1 , (4.27)
Ck′+1 = ∂
aφak′ + φk′+1 . (4.28)
We note that it is quantities Ck′+1 (4.28) that define Lorentz like gauge condition for the spin-1
conformal field, Ck′+1 = 0, k′ ∈ [k]2 (see (4.19)).
Lagrangian (4.12) can be represented as in (4.24) with manifestly gauge invariant Lk′ given by
Lk′ = −1
4
F ab(φ−k′)F
ab(φk′)− 1
2
F a−k′F
a
k′+2 , (4.29)
F ab(φ) ≡ ∂aφb − ∂bφa , F ak′ ≡ φak′ + ∂aφk′−1 . (4.30)
Using component form of gauge transformations given below in (4.31),(4.32), we see that field
strengths (4.30) are gauge invariant.
Plugging (4.7),(4.21) into (4.23), we obtain the corresponding component form of the gauge
transformations,
δφak′ = ∂
aξk′−1 , (4.31)
δφk′ = −ξk′ . (4.32)
Two remarks are in order.
i) From (4.32), we see that the scalar fields φk′ transform as Stueckelberg fields, i.e., the scalar
fields are the Stueckelberg fields in the framework of ordinary-derivative approach.
ii) The vector field φa−k has the same conformal dimension as the vector field φ entering the higher-
derivative approach (4.1). Therefore we can use the identification φa−k = φa. The remaining vector
fields φak′, k′ = −k+2,−k+4, . . . k−2, k, are auxiliary fields in our approach. Gauging away all
scalar fields, φk′ = 0, and using equations of motion for auxiliary fields obtained from Lagrangian
(4.24), φak′ = EMaxφak′−2, we can express all auxiliary vector fields in terms of φa−k ≡ φa,
φak′ = ✷
k+k′−2
2 EMaxφ
a , k′ = −k + 2,−k + 4, . . . , k − 2, k . (4.33)
Plugging (4.33) into (4.24), we obtain higher-derivative Lagrangian (4.1), i.e., our approach and
higher-derivative approach are equivalent.
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Conformal symmetries. To complete our formulation we provide realization of the conformal
algebra symmetries on space of the ket-vector |φ〉. All that is required is to fix operators Mab, ∆
and Ra for the case of spin-1 conformal field and then use relations given in (2.17)-(2.20). For
the case of spin-1 field, the realization of the spin operator of the Lorentz algebra and conformal
dimension operator on space of |φ〉 (4.7) is given by
Mab = αaα¯b − αbα¯a ,
(4.34)
∆ =
d− 2
2
+ ∆′ , ∆′ ≡ Nυ⊕ −Nυ⊖ ,
where the realization of the conformal dimension operator ∆ on space of |φ〉 can be read from
(4.6). The realization of the operator Ra on space of |φ〉 is given by
Ra = ra +Ra
G
, (4.35)
ra = r¯0,1α
a + r0,1α¯
a + r1,1∂
a , (4.36)
Ra
G
= Gra
G
, ra
G
= rG,1α¯
a , (4.37)
r¯0,1 = 2υ
⊕ζ¯ , r0,1 = −2ζυ¯⊕ , r1,1 = −2υ⊕υ¯⊕ , (4.38)
rG,1 = υ
⊕r˜G,1υ¯
⊕ , r˜G,1 = r˜G,1(∆
′) , (4.39)
where G appearing (4.37) is defined in (4.23) and r˜G,1 (4.39) is an arbitrary function of ∆′.
The following remarks are in order.
i) From (4.35)-(4.39), we see that ra part of the operator Ra is fixed uniquely, while Ra
G
part, in
view of arbitrary r˜G,1, is sill to be arbitrary. Reason of the arbitrariness in RaG is obvious. Global
transformations of gauge fields are defined up to gauge transformations governed by Ra
G
.
ii) We check that Ra transformations with Ra
G
= 0 satisfy the commutator [Ka, Kb] = 0. In terms
of the component fields, Ra transformations with Ra
G
= 0 take the form
δRaφ
b
k′ = −(k + k′)ηabφk′−1 −
1
2
(k + k′)(k + 2− k′)∂aφbk′−2 , (4.40)
δRaφk′ = (k + 1− k′)φak′−1 −
1
2
(k − 1 + k′)(k + 1− k′)∂aφk′−2 . (4.41)
iii) To find all Ra
G
which satisfy the commutator [Ka, Kb] = 0, we note the relation
[Ka, Kb] = Grab
G
, rab
G
≡ rarb
G
+ ra
G
rb + ra
G
Grb
G
− (a↔ b) . (4.42)
We see that the commutator [Ka, Kb] is proportional to operator of gauge transformationsG (4.23),
as it should be in gauge theory. From (4.42), we see that the requirement [Ka, Kb] = 0 amounts to
the equation rab
G
= 0. Solution to this equation is given by
r˜G,1 =
4
∆′ + c0
, (4.43)
where c0 is real-valued constant. Note that the simple representation for Ra corresponding to
Ra
G
= 0 is achieved by taking c0 =∞.
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Spin-1 conformal field in 6d. To illustrate our approach we consider spin-1 field in 6d. This
is the simplest conformal theory of spin-1 field involving Stueckelberg field. For the case of spin-1
field in 6d, our field content involves two vector fields and one scalar field (see (4.5)),
φa
−1
φa
1
φ0 (4.44)
For these fields, the Lagrangian takes the form (see (4.24),(4.29))
L = −1
2
F ab(φ−1)F
ab(φ1)− 1
2
(φa1 + ∂
aφ0)
2 . (4.45)
Gauge symmetries are described by the two gauge transformation parameters ξ
−2 , ξ0 (see (4.20))
and appropriate gauge transformations are given by (see (4.31),(4.32))
δφa
−1
= ∂aξ
−2 , δφ
a
1
= ∂aξ0 , δφ0 = −ξ0 . (4.46)
Ra transformations taken in the minimal scheme, Ra
G
= 0, are given by (see (4.40), (4.41))
δ
Ra
φb−1 = 0 , (4.47)
δ
Ra
φb1 = −2ηabφ0 − 2∂aφb−1 , (4.48)
δ
Ra
φ0 = 2φ
a
−1 . (4.49)
From (4.46), we see that the scalar field φ0 is Stueckelberg field. Gauging away this field, φ0 = 0,
we see that our Lagrangian (4.45) takes the simplified form
L = −1
2
F ab(φ−1)F
ab(φ1)− 1
2
φa1φ
a
1 . (4.50)
Now, using equations of motion for the auxiliary vector field φa
1
obtained from Lagrangian (4.50),
we can express φa
1
in terms of φa
−1
,
φa
1
= ∂bF ba(φ
−1) . (4.51)
Plugging φa
1
(4.51) into Lagrangian (4.50), we obtain the higher-derivative Lagrangian given in
(4.1) when d = 6 (i.e., k = 1). Thus, our ordinary-derivative approach is equivalent to the standard
one and our field φa
−1
is identified with the conformal vector field φa in Sec. 4.1.
We note that Lagrangian, gauge transformations and operator Ra are fixed by requiring that:
i) Lagrangian does not involve higher than second order terms in derivatives;
ii) gauge transformations and operatorRa do not involve higher than first order terms in derivatives;
iii) Lagrangian is invariant under gauge transformations and conformal algebra transformations.
These requirements fix Lagrangian and gauge transformations uniquely. The operator Ra is
fixed uniquely up to the gauge transformation operator (as it should be for gauge fields). For the
derivation of Lagrangian, gauge transformations and operator Ra, see Appendix B.
5 Spin-2 conformal field
We proceed our study of ordinary-derivative formulation of conformal field theory with discussion
of spin-2 conformal field. In the literature, such field is often referred to as conformal Weyl gravi-
ton. As before, to make contact with studies in earlier literature we start with the presentation of
the standard higher-derivative approach to the spin-2 conformal field. In due course, we review
our result concerning the counting of on-shell D.o.F for the spin-2 conformal field.
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5.1 Higher-derivative formulation of spin-2 conformal field
To discuss higher-derivative formulation of spin-2 conformal field one uses rank-2 so(d − 1, 1)
Lorentz algebra tensor field φab having the conformal dimension ∆φab = 0. The field φab is
symmetric, φab = φba, and traceful φaa 6= 0. Higher-derivative Lagrangian for the field φab is
given by
L = 1
f 2
Cabcelin ✷
k−1Cabcelin , f
2 ≡ 4d− 3
d− 2 , k ≡
d− 2
2
, (5.1)
where Cabcelin is the linearized Weyl tensor. Using representation of the Weyl tensor in terms of
curvatures and the Gauss-Bonnet relation
Cabce = Rabce − 1
d− 2(η
acRbe − ηbcRae + ηbeRac − ηaeRbc)
+
1
(d− 1)(d− 2)(η
acηbe − ηaeηbc)R , (5.2)
Rabcelin ✷R
abce
lin − 4Rablin✷Rablin +Rlin✷Rlin = 0 ( up to total derivative) , (5.3)
we obtain the representation for Lagrangian (5.1) in terms of linearized Ricci curvatures,
L = Rablin✷k−1Rablin −
d
4(d− 1)Rlin✷
k−1Rlin , (5.4)
which is also useful for certain purposes. Using the explicit representation of the linearized Ricci
curvatures in terms of the gauge field φab,
Rablin =
1
2
(−✷φab + ∂a∂cφbc + ∂b∂cφac − ∂a∂bφcc) ,
(5.5)
Rlin = ∂
a∂bφab − ✷φaa ,
we get other well-known form of the Lagrangian,
L = 1
4
φab✷k+1P ab ceφce , (5.6)
P ab ce ≡ 1
2
(πacπbe + πaeπbc)− 1
d− 1π
abπce , πab ≡ ηab − ∂
a∂b
✷
, (5.7)
where k is given in (5.1). Lagrangian (5.6) can also be represented as
L = 1
4
φab✷k+1φab − 1
4(d− 1)φ
aa
✷
k+1φbb
+
1
2
∂bφab✷k∂cφac +
1
2(d− 1)φ
aa
✷
k∂b∂cφbc +
d− 2
4(d− 1)∂
a∂bφab✷k−1∂c∂eφce . (5.8)
Lagrangian (5.1) is invariant under linearized diffeomorphism and Weyl gauge transformations
δφab = ∂aξb + ∂bξa + ηabξ , (5.9)
where ξa and ξ are the respective diffeomorphism and Weyl gauge transformation parameters.
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We now discuss on-shell D.o.F of the conformal theory under consideration. As before, to
discuss on-shell D.o.F we use fields transforming in irreps of so(d − 2) algebra. One can prove
(for details, see Appendix C) that on-shell D.o.F are described by k+1 rank-2 traceless symmetric
tensor fields φijk′ , k vector fields φik′, and k − 1 scalar fields φk′ of the so(d− 2) algebra:
φijk′ , k
′ ∈ [k]2 ; (5.10)
φik′ , k
′ ∈ [k − 1]2 ; (5.11)
φk′ , k
′ ∈ [k − 2]2 , (5.12)
where i, j = 1, . . . , d − 2 and we use the notation as in (2.11). Note that scalar on-shell D.o.F
(5.12) appear in spin-2 conformal field theory only in d ≥ 6 (i.e., k ≥ 2). Total number of on-shell
D.o.F shown in (5.10)-(5.12) is given by
n =
1
4
d(d− 3)(d+ 2) . (5.13)
We note that n (5.13) is a sum of D.o.F for the so(d− 2) algebra fields given in (5.10)-(5.12):13
n =
∑
k′∈[k]2
n(φijk′) +
∑
k′∈[k−1]2
n(φik′) +
∑
k′∈[k−2]2
n(φk′) , (5.14)
n(φijk′) =
d(d− 3)
2
, n(φik′) = d− 2, n(φk′) = 1 . (5.15)
For various space-time dimension d, the n and decomposition (5.14) are as follows:
d = 4 n = 6 2× 22 + 1× 21 + 0× 10
d = 6 n = 36 3× 92 + 2× 41 + 1× 10
d = 8 n = 100 4×202 + 3× 61 + 2× 10
d = 10 n = 210 5×352 + 4× 81 + 3× 10
(5.16)
In (5.16) in expressions like X × Ys, the Y stands for dimension of spin-s irreps of so(d − 2)
algebra, while X stands for multiplicity of the spin-s irreps of so(d− 2) algebra.
5.2 Ordinary-derivative formulation of spin-2 conformal field
Field content. To discuss ordinary-derivative and gauge invariant formulation of spin-2 conformal
field in flat space of dimension d ≥ 4 we use k + 1 rank-2 symmetric traceful tensor fields φabk′ ,
φabk′ = φ
ba
k′ , φ
aa
k′ 6= 0, k vector fields φak′ , and k−1 scalar fields φk′ of the Lorentz algebra so(d−1, 1):
φabk′ , k
′ ∈ [k]2 ; (5.17)
φak′ , k
′ = [k − 1]2 ; (5.18)
φk′ , k
′ = [k − 2]2 ; (5.19)
13Total D.o.F given in (5.13) was found in Ref.[1]. For the case of d = 4 spin-2 conformal field theory, decomposi-
tion of n (5.14) into irreps of the so(d− 2) algebra was carried out in Ref.[39]. In Appendix C, we use the light-cone
approach to generalize result of the latter reference to case of arbitrary d ≥ 4.
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k ≡ d− 2
2
, (5.20)
where we use the notation as in (2.11). Note that scalar fields (5.19) appear only in d ≥ 6 (i.e.,
k ≥ 2). Fields in (5.17)-(5.19) have the conformal dimensions
∆φab
k′
=
d− 2
2
+ k′ , ∆φa
k′
=
d− 2
2
+ k′ , ∆φk′ =
d− 2
2
+ k′ . (5.21)
As before, we use oscillatorsαa, ζ , υ⊕, υ⊖ (2.1) to collect fields (5.17)-(5.19) into the ket-vector
|φ〉 defined by
|φ〉 = |φ2〉+ ζ |φ1〉+
ζ2√
2
|φ0〉 , (5.22)
|φ2〉 ≡
∑
k′∈[k]2
1
2(k+k
′
2
)!
αaαb(υ⊕)
k+k′
2 (υ⊖)
k−k′
2 φabk′ |0〉 , (5.23)
|φ1〉 ≡
∑
k′∈[k−1]2
1
(k−1+k
′
2
)!
αa(υ⊕)
k−1+k′
2 (υ⊖)
k−1−k′
2 φak′|0〉 , (5.24)
|φ0〉 ≡
∑
k′∈[k−2]2
1
(k−2+k
′
2
)!
(υ⊕)
k−2+k′
2 (υ⊖)
k−2−k′
2 φk′|0〉 . (5.25)
From (5.22)-(5.25), we see that the ket-vector |φ〉 is degree-2 homogeneous polynomial in the
oscillators αa, ζ and degree-k homogeneous polynomial in the oscillators ζ , υ⊕, υ⊖. Also, note
that the ket-vectors |φ2〉, |φ1〉, and |φ0〉 are the respective degree-k, k− 1, and k− 2 homogeneous
polynomials in the oscillators υ⊕, υ⊖. In other words, the ket-vectors satisfy the relations
(Nα +Nζ)|φ〉 = 2|φ〉 , (Nζ +Nυ)|φ〉 = k|φ〉 , (5.26)
Nυ|φ2〉 = k|φ2〉 , Nυ|φ1〉 = (k − 1)|φ1〉 , Nυ|φ0〉 = (k − 2)|φ0〉 . (5.27)
We now discuss two representations for gauge invariant Lagrangian in turn.
1st representation for Lagrangian. Lagrangian we found takes the form
L = 1
2
〈φ|E|φ〉 , (5.28)
E = E(2) + E(1) + E(0) , (5.29)
E(2) ≡ ✷− α∂α¯∂ + 1
2
(α∂)2α¯2 +
1
2
α2(α¯∂)2 − 1
2
α2✷α¯2 , (5.30)
E(1) ≡ e¯1(α∂ − α2α¯∂) + e1(α¯∂ − α∂α¯2) , (5.31)
E(0) ≡ m1 + α2α¯2m2 + m¯3α2 +m3α¯2 , (5.32)
e1 = ζ
( d−Nζ
d− 2Nζ
)1/2
υ¯⊖ , e¯1 = −υ⊖
( d−Nζ
d− 2Nζ
)1/2
ζ¯ , (5.33)
m1 = υ
⊖υ¯⊖
d+ 2−Nζ
d+ 2− 2Nζ (Nζ − 1) , m2 =
1
2
υ⊖υ¯⊖ , (5.34)
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m3 =
1
2
(d− 1
d− 2
)1/2
ζ2υ¯⊖υ¯⊖ , m¯3 =
1
2
(d− 1
d− 2
)1/2
υ⊖υ⊖ζ¯2 . (5.35)
For the notation, see (2.4)-(2.7). We note that E(2) (5.30) is the standard second-order Einstein-
Hilbert operator rewritten in terms of the oscillators.
2nd representation for Lagrangian. This representation allows us to introduce de Donder
like gauge condition for the spin-2 conformal field. Namely, Lagrangian (5.28) can be rewritten as
L = 1
2
〈φ|(1− 1
4
α2α¯2)(✷−m2)|φ〉+ 1
2
〈C¯φ|C¯|φ〉 ,
C¯ ≡ α¯∂ − 1
2
α∂α¯2 − e¯1 + 1
2
e1α¯
2 , m2 ≡ υ⊖υ¯⊖ , (5.36)
where e1, e¯1 are given in (5.33). We now note that it is operator C¯ (5.36) that defines de Donder
like gauge condition for the spin-2 conformal field,
C¯|φ〉 = 0 . (5.37)
Gauge transformations. To discuss gauge symmetries of Lagrangian (5.28) we introduce the
following gauge transformation parameters:
ξak′−1 , k
′ ∈ [k]2 ;
(5.38)
ξk′−1 k
′ ∈ [k − 1]2 ,
where k is given in (5.20). The gauge transformation parameters ξak′ and ξk′ are the respective vec-
tor and scalar fields of the Lorentz algebra so(d−1, 1). As usually, we collect gauge transformation
parameters (5.38) in the ket-vector |ξ〉 defined by
|ξ〉 = |ξ1〉+ ζ |ξ0〉 , (5.39)
|ξ1〉 ≡
∑
k′∈[k]2
1
(k+k
′
2
)!
αa(υ⊕)
k+k′
2 (υ⊖)
k−k′
2 ξak′−1|0〉 , (5.40)
|ξ0〉 ≡
∑
k′∈[k−1]2
1
(k−1+k
′
2
)!
(υ⊕)
k−1+k′
2 (υ⊖)
k−1−k′
2 ξk′−1|0〉 . (5.41)
The ket-vectors |ξ〉, |ξ1〉, |ξ0〉 satisfy the algebraic constraints
(Nα +Nζ)|ξ〉 = |ξ〉 , (Nζ +Nυ)|ξ〉 = k|ξ〉 , (5.42)
Nυ|ξ1〉 = k|ξ1〉 , Nυ|ξ0〉 = (k − 1)|ξ0〉 . (5.43)
Constraints (5.42) tell us that |ξ〉 is a degree-1 homogeneous polynomial in the oscillators αa, ζ
and degree-k homogeneous polynomial in the oscillators ζ , υ⊕, υ⊖. Constraints (5.43) imply that
|ξ1〉 and |ξ0〉 are the respective degree-k and k − 1 homogeneous polynomials in υ⊕, υ⊖.
We now note that gauge transformations can entirely be written in terms of ket-vectors |φ〉
(5.22) and |ξ〉 (5.39). This is to say that gauge transformations we found take the form
δ|φ〉 = G|ξ〉 , G ≡ α∂ − e1 − 1
d− 2α
2e¯1 , (5.44)
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where e1 and e¯1 are defined in (5.33).
Component form of Lagrangian and gauge transformations. The component form of La-
grangian can easily be obtained by plugging ket-vector (5.22) into (5.28). Doing so, we obtain the
component form of the 1st representation for Lagrangian (5.28),
L =
∑
k′∈[k]2
Lk′ , (5.45)
Lk′ = 1
4
φab−k′EEHφ
ab
k′ +
1
2
φa−k′−1EMaxφ
a
k′+1 +
1
2
φ−k′✷φk′
+ φa−k′+1(∂
bφbak′ − ∂aφbbk′ − u∂aφk′)
− 1
4
φab−k′φ
ab
k′+2 +
1
4
φaa−k′φ
bb
k′+2 +
u
2
φaa−k′φk′+2 +
d
2(d− 2)φ−k′φk′+2 , (5.46)
u ≡
(
2
d− 1
d− 2
)1/2
, (5.47)
where the Maxwell operator is given in (4.26), while the Einstein-Hilbert operator EEH is given by
EEHφ
ab = ✷φab − ∂a∂cφbc − ∂b∂cφac + ∂a∂bφcc + ηab(∂c∂eφce −✷φcc) . (5.48)
From (5.46), we see that two-derivative contributions to Lagrangian (5.45) are the Einstein-Hilbert
kinetic terms for the rank-2 tensor fields φabk′ , the Maxwell kinetic terms for the vector fields φak′ , and
the Klein-Gordon kinetic terms for the scalar fields φk′ . Besides the two-derivative contributions,
the Lagrangian involves one-derivative contributions and derivative-independent contributions.
In order to obtain component form of the 2nd representation for Lagrangian (5.36) we should
plug ket-vector (5.22) in (5.36). Doing so, we get Lagrangian (5.45) with Lk′ given by
Lk′ = 1
4
φab−k′✷φ
ab
k′ −
1
8
φaa−k′✷φ
bb
k′ +
1
2
φa−k′✷φ
a
k′ +
1
2
φ−k′✷φk′
+
1
2
Ca−k′+1C
a
k′+1 +
1
2
C−k′+1Ck′+1 +
− 1
4
φab−k′φ
ab
k′+2 +
1
8
φaa−k′φ
bb
k′+2 −
1
2
φa−k′φ
a
k′+2 −
1
2
φ−k′φk′+2 , (5.49)
Cak′+1 ≡ ∂bφabk′ −
1
2
∂aφbbk′ + φ
a
k′+1 , (5.50)
Ck′+1 ≡ ∂aφak′ +
1
2
φbbk′+1 + uφk′+1 . (5.51)
We note that it is quantities given in (5.50), (5.51) that define de Donder like gauge condition for
the spin-2 conformal field, Cak′+1 = 0, k′ ∈ [k]2, Ck′+1 = 0, k′ ∈ [k − 1]2 (see (5.37)).
Pauli-Fierz representation. As a side remark, we note Pauli-Fierz like representation for
Lagrangian (5.45) ,
L =
∑
k′∈[k]2
Lk′ , (5.52)
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Lk′ = 1
4
Φab−k′EEHΦ
ab
k′ −
1
4
Φab−k′Φ
ab
k′+2 +
1
4
Φaa−k′Φ
bb
k′+2 ,
Φabk′ ≡ φabk′ + ∂aφbk′−1 + ∂bφak′−1 +
2
u
∂a∂bφk′−2 +
2
(d− 2)uη
abφk′ , (5.53)
where we introduce conformal Pauli-Fierz fields Φabk′ (5.53). It is easy to check that the conformal
Pauli-Fierz fields are invariant under gauge transformations given below in (5.54)-(5.56).
The component form of gauge transformations can straightforwardly be obtained by plugging
ket-vectors (5.22),(5.39) into (5.44),
δφabk′ = ∂
aξbk′−1 + ∂
bξak′−1 +
2
d− 2η
abξk′ , (5.54)
δφak′ = ∂
aξk′−1 − ξak′ , (5.55)
δφk′ = −uξk′ . (5.56)
Two remarks are in order.
i) From (5.55),(5.56), we see that the vector and scalar fields transform as Stueckelberg fields, i.e.,
these fields are the Stueckelberg fields in the framework of the ordinary-derivative approach.
ii) Because the tensor field φab−k has the same conformal dimension as the tensor field φab entering
the higher-derivative approach (5.1) we can use the identification φab−k = φab. The remaining tensor
fields φabk′ , k′ = −k + 2,−k + 4, . . . k − 2, k, are auxiliary fields. Gauging away all vector and
scalar fields, φak′ = 0, φk′ = 0, and using equations of motion for auxiliary tensor fields obtained
from (5.45), φabk′ − ηabφcck′ = EEHφabk′−2, we express all auxiliary tensor fields in terms of φab−k,
φabk′ = ✷
k+k′−2
2 (−2Rablin +
1
d− 1η
abRlin) +
d− 2
d− 1θk′✷
k+k′−4
2 ∂a∂bRlin , (5.57)
where θ−k+2 = 0, θk′ = 1 for k′ = −k+4,−k+6, . . . , k−2, k and the linearized Ricci curvatures
for φab ≡ φab−k are given in (5.5). Plugging solution for auxiliary fields (5.57) into (5.45) and using
the identification φab−k = φab, we obtain higher-derivative Lagrangian (5.1), i.e., our approach and
higher-derivative approach are equivalent.
Conformal symmetries. In order to realize the conformal algebra symmetries on space of ket-
vector |φ〉 (5.22) we should fix operators Mab, ∆ and Ra and use these operators in (2.17)-(2.20).
For the case of spin-2 field, the realization of spin operator of the Lorentz algebra and conformal
dimension operator on space of ket-vector |φ〉 (5.22) is given by
Mab = αaα¯b − αbα¯a ,
(5.58)
∆ =
d− 2
2
+ ∆′ , ∆′ ≡ Nυ⊕ −Nυ⊖ ,
where the realization of the conformal dimension operator ∆ on space of |φ〉 can be read from
(5.21). The realization of the operator Ra on space of |φ〉 is given by
Ra = ra +Ra
G
, (5.59)
ra = r0,1α¯
a + r¯0,1
(
αa − 1
d− 2α
2α¯a
)
+ r1,1∂
a , (5.60)
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Ra
G
= Gra
G
, ra
G
≡ rG,1α¯a + rG,2αa + rG,3αaα¯2 , (5.61)
r0,1 = 2ζ
( d−Nζ
d− 2Nζ
)1/2
υ¯⊕ , r¯0,1 = −2υ⊕
( d−Nζ
d− 2Nζ
)1/2
ζ¯ , (5.62)
r1,1 = −2υ⊕υ¯⊕ , (5.63)
rG,1 = υ
⊕r˜G,1υ¯
⊕ , rG,2 = υ
⊕υ⊕r˜G,2ζ¯
2 , rG,3 = υ
⊕r˜G,3υ¯
⊕ , (5.64)
r˜G,1 = r˜G,1(Nζ ,∆
′) , r˜G,2 = r˜G,2(∆
′) , r˜G,3 = r˜G,3(∆
′) , (5.65)
where G in (5.61) is given in (5.44), and r˜G,1, r˜G,2, r˜G,3 (5.65) are arbitrary functions of Nζ and ∆′.
The following remarks are in order.
i) ra part of the operator Ra is fixed uniquely, while Ra
G
part, in view of arbitrary r˜G,1, r˜G,2, r˜G,3, is
still to be arbitrary. Reason of the arbitrariness in Ra
G
is obvious. Global transformations of gauge
fields are defined up to gauge transformations governed by Ra
G
.
ii) We check that Ra transformations with Ra
G
= 0 satisfy the commutator [Ka, Kb] = 0. In terms
of the component fields, Ra transformations with Ra
G
= 0 take the form
δ
Ra
φbck′ = −(k + k′)(ηabφck′−1 + ηacφbk′−1 −
2
d− 2η
bcφak′−1)
− 1
2
(k + k′)(k + 2− k′)∂aφbck′−2 , (5.66)
δ
Ra
φbk′ = (k + 1− k′)φabk′−1 − u(k − 1 + k′)ηabφk′−1
− 1
2
(k − 1 + k′)(k + 1− k′)∂aφbk′−2 , (5.67)
δ
Ra
φk′ = (k − k′)uφak′−1 −
1
2
(k − 2 + k′)(k − k′)∂aφk′−2 . (5.68)
iii) To find all Ra
G
which satisfy the commutator [Ka, Kb] = 0 we note the relation [Ka, Kb] =
Grab
G
, where G, rab
G
, ra, ra
G
are given in (5.44), (4.42), (5.60), (5.61) respectively. In other words,
[Ka, Kb] is proportional to operator of gauge transformations G (5.44), as it should be in gauge
theory. We see that the requirement [Ka, Kb] = 0 amounts to the equation rab
G
= 0. There are the
following two solutions to this equation:
1st solution:
r˜G,1(0,∆
′) =
4
∆′ + c0
, r˜G,1(1,∆
′) =
4
∆′ + c1
,
r˜G,2 =
c2
∆′ + 1 + c0
, r˜G,3 = 0 ,
c2 =
2
√
2
uk(k − c1)((k + 1)c1 − kc0); (5.69)
2nd solution:
r˜G,1(0,∆
′) = 0 , r˜G,1(1,∆
′) =
4
∆′ + c3
,
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r˜G,2 =
c5
∆′ + 1 + c4
, r˜G,3 = − 2
∆′ + c4
,
c5 =
2
√
2
uk(c3 − k)(c3 + kc4 + k(k + 2)) , (5.70)
where k and u in (5.69),(5.70) are given in (5.20) and (5.47). Quantities c0, c1, c3, c4 are real-
valued constants. Note that the simplest representative Ra
G
= 0 is achieved by taking c0 = c1 =∞
and c3 = c4 =∞.
We note that the Lagrangian, gauge transformations, and operator Ra are determined by im-
posing the same requirements we used for the case of spin-1 conformal field (see at the end of
Section 4.2). Details of the derivation may be found in Appendix D.
Spin-2 conformal field in 4d. To illustrate our approach we finish discussion in this section
by considering spin-2 conformal field in 4d. This is the simplest conformal theory of spin-2 field
involving Stueckelberg field. For the case of spin-2 conformal field in 4d, our field content involves
two rank-2 tensor fields and one vector field (see (5.17),(5.18)),
φab
−1 φ
ab
1
φa
0
(5.71)
The corresponding Lagrangian (5.45) takes the form
L = 1
2
φab
1
EEHφ
ab
−1
+
1
2
φa
0
EMaxφ
a
0
+ φa
0
(∂bφab
1
− ∂aφbb
1
)− 1
4
φab
1
φab
1
+
1
4
φaa
1
φbb
1
, (5.72)
where the operators EEH, EMax are given in (5.48) and (4.26). Gauge symmetries are described by
the following gauge transformation parameters (see (5.38)):
ξa
−2
ξa
0
ξ−1 (5.73)
and appropriate gauge transformations are given by (see (5.54),(5.55))
δφab
−1
= ∂aξb
−2
+ ∂bξa
−2
+ ηabξ−1 ,
δφab
1
= ∂aξb
0
+ ∂bξa
0
, (5.74)
δφa
0
= ∂aξ−1 − ξa0 .
Ra transformations taken in the minimal scheme, Ra
G
= 0, are given by
δRaφ
bc
−1 = 0 ,
δRaφ
bc
1
= −2(ηabφc
0
+ ηacφb
0
) + 2ηbcφa
0
− 2∂aφbc
−1 , (5.75)
δRaφ
b
0
= 2φab
−1
.
From (5.74), we see that the vector field φa
0
transforms as Stueckelberg field under the gauge
transformations, i.e., this field can be gauged away by using ξa
0
gauge symmetries. Gauging away
the vector field, φa
0
= 0, we see that our Lagrangian (5.72) takes the simplified form
L = −φab
1
Gablin −
1
4
φab
1
φab
1
+
1
4
φaa
1
φbb
1
. (5.76)
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Here we use the well-known relations for the linearized Einstein tensor Gablin and operator EEH
(5.48),
Gablin = −
1
2
EEHφ
ab
−1
, Gablin ≡ Rablin(φ−1)−
1
2
ηabRlin(φ−1) , (5.77)
where the linearized Ricci curvatures for the field φab
−1
in (5.77) are obtained by substituting the
field φab
−1 in the respective expressions in (5.5). Using equations of motion for the rank-2 tensor
field φab
1
obtained from Lagrangian (5.76), φab
1
−ηabφcc
1
= −2Gablin, we obtain the following solution
for φab
1
:
φ¯ab
1
= −2Rablin +
1
3
ηabRlin . (5.78)
Plugging solution φ¯ab
1
(5.78) into Lagrangian (5.76), we obtain the higher-derivative Lagrangian
given in (5.4). Thus, we see that our ordinary-derivative approach is equivalent to the standard one
and our field φab
−1
is identified with the excitation of conformal graviton field φab in Sec. 5.1.
6 Ordinary-derivative Lagrangian of interacting 4d conformal
gravity
We begin our discussion of interacting theory of 4d conformal gravity with the description of a field
content. Field content of the interacting theory is simply obtained by promoting the Minkowski
space free fields (5.71) to the fields in curved space-time described by metric tensor field gµν . As
usual, this metric tensor field is considered to be the conformal graviton field. As we have already
said, the field φab
−1 describes excitation of the conformal graviton, i.e., in the interacting theory, the
field φab
−1
is related to the metric tensor field gµν . In place of the free field φab1 , we will use symmetric
rank-2 tensor field ϕµν . Also, following commonly used nomenclature, we use notation bµ in place
of the field φa
0
. To summarize, the field content we use to develop the ordinary-derivative approach
to the interacting 4d conformal gravity is given by
gµν ϕµν
bµ (6.1)
Ordinary-derivative Lagrangian we found takes the following form:
e−1g2
W
L = −ϕµνĜ(µν) − 1
4
FµνF
µν − 1
4
ϕµνϕ
µν +
1
4
ϕµµϕ
ν
ν , (6.2)
Ĝ(µν) ≡ Rµν + 1
2
(Dµbν +Dνbµ + bµbν)− 1
2
gµν(R + 2Db− 1
2
b2) , (6.3)
Fµν ≡ ∂µbν − ∂νbµ , (6.4)
where Db ≡ Dµbµ, Dµbν = ∂µbν + Γνµρbρ, b2 ≡ bµbµ, e ≡
√− det gµν and gW stands for
dimensionless coupling constant. Our curvature conventions are Rλµνρ = ∂νΓλµρ − . . ., Rµν =
Rλµλν , R = R
µ
µ. The derivation of Lagrangian (6.2) may be found at the end of this Section.
The Lagrangian (6.2) is invariant under the standard diffeomorphism transformations. Also,
the Lagrangian (6.2) is invariant under the conformal boost and Weyl gauge transformations given
by
δgµν = −2σgµν , (6.5)
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δϕµν = Dµξ
K
ν +Dνξ
K
µ + bµξ
K
ν + bνξ
K
µ − gµνbρξKρ , (6.6)
δbµ = ∂µξ
D − ξKµ , ξD ≡ −2σ , (6.7)
where σ and ξKµ are parameters of the respective Weyl and conformal boost gauge transformations.
From (6.5) and (6.7), we see that Weyl dimensions of gµν and ϕµν are given by ∆W(gµν) = −2,
∆
W
(ϕµν) = 0. From (6.7), we see that the vector field bµ transforms as Stueckelberg field.
Before we proceed, let us note how the standard higher-derivative Weyl Lagrangian is obtained
from our Lagrangian (6.2). Using Lagrangian (6.2), we consider equations of motion for the field
ϕµν , ∂ϕµνL = 0, which allow us to solve the field ϕµν in terms of the remaining fields,
ϕµν = −2Ĝ(µν) + 2
3
gµνĜ(σλ)g
σλ . (6.8)
Plugging (6.8) into Lagrangian (6.2), we obtain the standard higher-derivative Weyl Lagrangian,
which can be represented in two equivalent (up to total derivative) well-known forms
L = e
g2
W
(RµνR
µν − 1
3
R2) , L = e
2g2
W
CµνσλC
µνσλ , (6.9)
where Cµνσλ is the Weyl tensor. We note that overall sign of Lagrangian we use in (6.2) leads to
the commonly used overall sign of Weyl Lagrangian (6.9).
Pure Einstein AdS gravity from Weyl gravity. As is well known, classical equations of
the Weyl gravity admit Einstein spaces as special solutions, so in that sense the Einstein gravity
can be viewed as a particular solution of the Weyl conformal gravity theory that breaks the confor-
mal gauge symmetry of the latter.14 Here, using our ordinary-derivative approach, we would like to
discuss the relation between the Einstein and Weyl gravities via breaking conformal gauge symme-
tries. Let us first discuss the case of pure Einstein gravity. To this end we use ξKµ gauge symmetry
(6.7) to gauge away the vector field, bµ = 0, and note that equations of motion for the metric field
gµν and the auxiliary tensor field ϕµν obtained from Lagrangian (6.2) have the following solution:
g¯µν = metric of (A)dS space , (6.10)
ϕ¯µν = −2ρg¯µν , (6.11)
where our convention for the curvature of (A)dS space is as follows
R¯µνσλ = ρ(g¯µσ g¯νλ − g¯µλg¯νσ) , ρ =
{
− 1
r2
for AdS space ,
+ 1
r2
for dS space ,
(6.12)
and r is a radius of (A)dS space. Motivated by the relation (6.11) we suggest the following way for
breaking the conformal gauge symmetries. Namely, we propose to eliminate the auxiliary tensor
field ϕµν from the Lagrangian (6.2) by using the relation15
ϕµν = −2ρgµν , (6.13)
14Recent interesting discussion of a relation between the Einstein and Weyl gravities utilizing AdS background may
be found in Ref.[40].
15To our knowledge, for the first time, solution (6.10), (6.11) and the use of constraint (6.13) for the derivation of
Einstein AdS gravity from Weyl conformal gravity were discussed in Ref.[41] (see pages 51-54 in Ref.[41]).
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where gµν in r.h.s (6.13) is arbitrary metric tensor. Obviously, the relation (6.13) does not respect
(6.5)-(6.7), i.e the use of this relation breaks the conformal gauge symmetries. Plugging (6.13)
into Lagrangian (6.2) and assuming the gauge condition bµ = 0, we find
e−1L = − 2ρ
g2W
(R − 6ρ) . (6.14)
Comparing this with the Einstein-Hilbert Lagrangian for (A)dS gravity
e−1LEH = 1
2κ2
(R − 6ρ) , (6.15)
we find the relation
g2
W
= −4ρκ2 , (6.16)
which implies that
ρ < 0 , (6.17)
i.e., we are left with Einstein AdS gravity. As a side remark, we note that it is the commonly used
overall sign of the Weyl gravity (6.9) that leads to Einstein AdS gravity.16
Einstein AdS gravity with massive vector field from Weyl gravity. Our approach allows us
to obtain Einstein AdS gravity interacting with massive vector field from Weyl gravity. To this end
we note that the vector field bµ enters ordinary-derivative Lagrangian (6.2) with correct sign of the
kinetic term. It seems therefore reasonable to keep this vector field in the procedure of breaking
conformal gauge symmetries. Namely, as before, we use constraint (6.13) to break conformal
gauge symmetries and plug this constraint in ordinary-derivative Lagrangian (6.2). Doing so, we
get
e−1L = − 2ρ
g2
W
(R− 6ρ) + 1
g2
W
(−1
4
FµνF
µν + 3ρbµb
µ) . (6.18)
As before, we see that we have to impose the relations (6.16),(6.17), i.e., we are left with Einstein
AdS gravity interacting with massive vector field bµ. As seen from (6.18), a mass parameter of the
vector field is given by
m2 = −6ρ . (6.19)
We see that restriction (6.17) leads not only to the correct sign of kinetic terms for the graviton
field but also to the correct mass term, m2 > 0, for the vector field bµ. For the reader convenience
we note that lowest value of the energy operator for vector field with mass parameter as in (6.19)
is given by E0(bµ) = 4r .
17 Recall that, for the graviton field in AdS4 background, energy lowest
value is given by E0(gµν) = 3r .
Derivation of ordinary-derivative Lagrangian. We now discuss details of the derivation of
Lagrangian (6.2). The Lagrangian could be derived by using method in Ref.[45]. We note however
that derivation of interacting 4d conformal gravity can be streamlined by using the gauge invariant
formulation of 4d conformal gravity given in Ref.[46]. Field content in Ref.[46] involves vielbein
eaµ, compensator bµ and conformal boost gauge field fµa. Gauge invariant Lagrangian for these
fields takes the form
L = − 1
8g2
W
RµνabRσλceǫabceǫµνσλ , (6.20)
16It will be interesting to understand the possibility of getting the massless higher-spin AdS4 fields theory [42]
from the conformal higher-spin fields theory via breaking conformal symmetries. Recent interesting discussion of
conformal symmetries of the massless higher-spinAdS4 fields theory may be found in Ref.[43].
17Interrelation between E0 and mass parameter for arbitrary spin AdS field is given in formula (5.74) in Ref.[44].
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Rµνab = Rµνab + eaµBνb − eaνBµb + ebνBµa − ebµBνa , Bµa = Bµνeaν , (6.21)
Bν
µ ≡ qDνbµ + q2bνbµ − 1
2
q2b2δµν + qfν
µ , q =
1
2
, (6.22)
where we introduce the target space fields gµν = eaµeaν , bµ = baeaµ, fµν = fµaeνa. From now
on, we use field content involving metric tensor gµν , vector field bµ and auxiliary tensor field fµν .
Note that the curvature Rµνab in r.h.s (6.21) is related to the Riemann curvature in a standard way
Rµνσλ = e
a
σe
b
λRµν
ab
. Also, note that field fµν = fµρgρν is not symmetric fµν 6= fνµ. Ignoring the
Gauss-Bonnet contribution, Lagrangian (6.20) can be represented as
e−1g2WL = −4RνµBνµ + 2RB − 4BµνBνµ + 4B2 , B ≡ Bµµ . (6.23)
Lagrangian (6.23) is invariant under the gauge transformations
δgµν = 2qξ
Dgµν , (6.24)
δfµ
ν = Dµξ
K ν + q(bµξ
K ν + bνξKµ − ξKλ bλδνµ)− 2qξDfµν , (6.25)
δbµ = ∂µξ
D − ξKµ . (6.26)
Before deriving of ordinary-derivative Lagrangian we recall how the standard higher-derivative
Lagrangian is obtained from Lagrangian (6.23). To this end we consider equations of motion for
the field fµν , ∂fµνL = 0, which allow us to solve the field fµν in terms of the remaining fields,
Bµ
ν = −1
2
(Rνµ −
1
6
δνµR) . (6.27)
Plugging this solution into Lagrangian (6.23), we obtain the standard higher-derivative Weyl La-
grangian given in (6.9).
We now turn to the derivation of the ordinary-derivative Lagrangian. To this end we introduce
the decomposition of the tensor field fµν ≡ fµρgρν into symmetric and antisymmetric tensor fields,
fµν =
1
2
ϕµν +
1
2
(fµν − fνµ) , ϕµν ≡ fµν + fνµ . (6.28)
Plugging (6.28) into (6.22), we obtain the appropriate decomposition for field Bµν ≡ Bµρgρν ,
Bµν =
1
2
Bsymµν +
1
2
Basµν , (6.29)
Bsymµν = qϕµν +Qµν , B
as
µν ≡ q(fµν − fνµ) + qFµν , (6.30)
Qµν ≡ q(Dµbν +Dνbµ) + 2q2bµbν − q2b2gµν , Qµµ = 2qDb− 2q2b2 , (6.31)
where Fµν is defined in (6.4). Plugging Bµν (6.29) into Lagrangian (6.23), we obtain
e−1g2WL = −2Bsymµν Rµν +BsymR− Bsymµν Bsymµν +BsymBsym +BasµνBasµν , (6.32)
where Bsym ≡ Bsymµν gµν . Equations of motion for Basµν give Basµν = 0. Using this in (6.32), we get
e−1g2WL = −2Bsymµν Rµν +BsymR− Bsymµν Bsymµν + BsymBsym . (6.33)
PluggingBsymµν (6.30),(6.31) into (6.33), we get ordinary-derivative Lagrangian (6.2). Note that the
relation Basµν = 0 and the 2nd relation in (6.30) imply the relation fµν − fνµ = −Fµν .
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7 Spin-1
2
conformal fermionic Dirac field
As a warm up we start with fermionic spin-1
2
Dirac field. To make contact with studies in literature
we begin with presentation of the standard higher-derivative formulation for the fermionic field.
7.1 Higher-derivative formulation of spin-12 conformal fermionic field
In the framework of the standard approach, spin-1
2
conformal complex-valued non-chiral Dirac
field ψ propagating in flat space of arbitrary dimension d is described by the Lagrangian,18
iL = ψ¯✷k ∂/ ψ , ψ¯ = ψ†γ0 , k arbitrary positive integer . (7.1)
Here and below the spinor indices are implicit. For k = 0 (k ≥ 1), Lagrangian (7.1) describes field
associated with unitary (non-unitary) representation of the conformal algebra so(d, 2). The field ψ
has the conformal dimension
∆ψ =
d− 1
2
− k . (7.2)
7.2 Ordinary-derivative formulation of spin-12 conformal fermionic field
Field content. In the framework of ordinary-derivative approach, a dynamical system that on-shell
equivalent to the single non-chiral Dirac field ψ with Lagrangian (7.1) and conformal dimension
(7.2) is described by 2k + 1 non-chiral spin-1
2
Dirac fields,19
ψk′ , k
′ ∈ [k]2 ,
k arbitrary positive integer . (7.3)
ψk′ , k
′ ∈ [k − 1]2 ,
The conformal dimensions of fields ψk′ (7.3) are given by:
∆ψk′ =
d− 1
2
+ k′ . (7.4)
In order to obtain the Lagrangian description of fields (7.3) in an easy–to–use form we use
oscillators υ⊕, υ⊖ (2.1) and collect fields (7.3) into the ket-vector |ψ〉 defined by
|ψ〉 =
(
|ψu〉
|ψd〉
)
, (7.5)
|ψu〉 ≡
∑
k′∈[k]2
1
(k+k
′
2
)!
(υ⊕)
k+k′
2 (υ⊖)
k−k′
2 ψk′|0〉 , (7.6)
|ψd〉 ≡
∑
k′∈[k−1]2
1
(k−1+k
′
2
)!
(υ⊕)
k−1+k′
2 (υ⊖)
k−1−k′
2 ψk′|0〉 , (7.7)
18Chiral fermionic field can be introduced by allowing the field ψ to be positive-chirality (or negative-chirality).
19Chiral fermionic fields can be introduced by allowing the fields in the1st line in (7.3) to be positive-chirality (or
negative-chirality), while the fields in the 2nd line in (7.3) to be negative-chirality (or positive-chirality).
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where a bra-vector 〈ψ| is defined according the rule 〈ψ| = (|ψ〉)†γ0. Ket-vector |ψ〉 (7.5) satisfies
the following algebraic constraints:
(Nυ − k)π+|ψ〉 = 0 , (Nυ − k + 1)π−|ψ〉 = 0 , (7.8)
where matrices π± are defined in (2.8). Constraints (7.8) tell us that ket-vectors |ψu〉 (7.6) and |ψd〉
(7.7) are the respective degree-k and k − 1 homogeneous polynomials in the oscillators υ⊕, υ⊖.
Lagrangian. Lagrangian can entirely be presented in terms of the ket-vector |ψ〉,
iL = 〈ψ|E|ψ〉 , E ≡ ∂/ + eΓ1 , eΓ1 ≡ υ¯⊖σ− + υ⊖σ+ . (7.9)
For the reader convenience we note that, in terms of component fields (7.3), Lagrangian (7.9) takes
the form
iL =
∑
k′∈[k]1
ψ¯−k′ ∂/ ψk′ + ψ¯−k′ψk′+1 . (7.10)
To illustrate (7.10), we note that, for k = 1, 2, Lagrangian (7.10) takes the form
iLk=1 = ψ¯−1 ∂/ ψ1 + ψ¯1 ∂/ ψ−1 + ψ¯0 ∂/ ψ0
+ ψ¯0ψ1 + ψ¯1ψ0 , (7.11)
iLk=2 = ψ¯−2 ∂/ ψ2 + ψ¯2 ∂/ ψ−2 + ψ¯−1 ∂/ ψ1 + ψ¯1 ∂/ ψ−1 + ψ¯0 ∂/ ψ0
+ ψ¯
−1ψ2 + ψ¯2ψ−1 + ψ¯0ψ1 + ψ¯1ψ0 . (7.12)
We now make comment on the interrelation of ordinary-derivative Lagrangian (7.10) and
higher-derivative Lagrangian (7.1). Noticing that the field ψ−k has the same conformal dimension
as the field ψ entering the higher-derivative approach (7.2), we use the identification ψ−k = ψ.
The remaining fields ψk′ , k′ = −k + 1,−k + 2, . . . k − 1, k, are auxiliary fields. Using equations
of motion for the auxiliary fields obtained from (7.10), ∂/ ψk′ + ψk′+1 = 0, we can express all
auxiliary fields in terms of ψ−k ≡ ψ,
ψk′ = (− ∂/ )k+k′ψ , k′ = −k + 1,−k + 2, . . . , k − 1, k . (7.13)
Plugging (7.13) into (7.10), we obtain higher-derivative Lagrangian (7.1), i.e., our approach and
higher-derivative approach are equivalent.
Conformal symmetries. To complete the ordinary-derivative description of the spin-1
2
field
we provide realization of the conformal symmetries on space of |ψ〉 (7.5). All that is required is
to find the operators Mab, ∆ and Ra for the case of spin-1
2
conformal fermionic field and plug
these operators in (2.17)-(2.20). The realization of the spin operator of the Lorentz algebra and
conformal dimension operator ∆ on space of |ψ〉 (7.5) is given by
Mab =
1
2
γab , ∆ =
d− 1
2
+ ∆′ , ∆′ ≡ Nυ⊕ −Nυ⊖ , (7.14)
where the realization of the conformal dimension operator ∆ on space of |ψ〉 can be read from
(7.4). Requiring the Lagrangian to be invariant under conformal boost transformations, we find
the realization of the operator Ra on space of |ψ〉,
Ra = ra +Ra
E
, (7.15)
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ra = rΓ0,1γ
a + r1,1∂
a , (7.16)
Ra
E
= rE,1γ
aE , (7.17)
rΓ0,1 = υ¯
⊕σ− − υ⊕σ+ , r1,1 = −2υ⊕υ¯⊕ , (7.18)
rE,1 = υ
⊕r˜E,1−υ¯
⊕π− + υ
⊕r˜E,1+υ¯
⊕π+ , (7.19)
r˜E,1± = r˜E,1±(∆
′) , r˜†
E,1± = r˜E,1± , (7.20)
where E appearing in (7.17) is given in (7.9). Quantities r˜E,1± (7.20), subject to hermicity condi-
tion (7.20), are arbitrary functions of the operator ∆′.
A few remarks are in order.
i) ra part of the operator Ra is fixed uniquely, while Ra
E
part, is still to be arbitrary. Reason of
the arbitrariness in Ra
E
is obvious. Global transformations of fermionic fields are defined up to the
contribution τE|ψ〉, where τ is an arbitrary operator satisfying the hermitian conjugation condition
τ † = γ0τγ0. This condition, in view of (7.20), is respected by the operator rE,1γa entering RaE
(7.17).
ii) We check that Ra transformations with Ra
E
= 0 satisfy the commutator [Ka, Kb] = 0. In terms
of the component fields, Ra transformations with Ra
E
= 0 take the form
δ
Ra
ψk′ = −k + k
′
2
γaψk′−1 − 1
2
(k + k′)(k + 2− k′)∂aψk′−2 , k′ ∈ [k]2 , (7.21)
δ
Ra
ψk′ =
k + 1− k′
2
γaψk′−1 − 1
2
(k − 1 + k′)(k + 1− k′)∂aψbk′−2 , k′ ∈ [k − 1]2 . (7.22)
iii) To find all Ra
E
which satisfy the commutator [Ka, Kb] = 0 we note the relation [Ka, Kb] =
rab
E
E, where rab
E
is given below in (8.71). The requirement [Ka, Kb] = 0 amounts to the equation
rab
E
= 0. Solution to this equation is given by:
r˜E,1+ = c1+ , for k = 1; r˜E,1± = 0 , for k ≥ 2 , (7.23)
where c1+ is a real-valued constant. Note that, for k = 1, r˜E,1− ≡ 0.
8 Spin-32 conformal fermionic Dirac field
We now extend our discussion of fermionic fields to the case of spin-3
2
conformal fermionic field.
As before to make contact with studies in earlier literature we start with the presentation of the
standard higher-derivative formulation for the fermionic spin-3
2
Dirac field. In due course, we
present two new representations for higher-derivative Lagrangian and review our result concerning
the counting of on-shell D.o.F for spin-3
2
conformal field.
8.1 Higher-derivative formulation of spin-32 conformal fermionic Dirac field
In the framework of the standard approach, spin-3
2
conformal fermionic Dirac field propagating in
flat space of arbitrary dimension d ≥ 4 is described by the Lagrangian
iL = ψ¯a✷kP ab3/2 ∂/ ψb , k ≡
d− 2
2
, (8.1)
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where ψa stands for non-chiral vector-spinor complex-valued Dirac field.20 The spinor indices of
the field ψa are implicit. The field ψa has the conformal dimension ∆ψa = 1/2. The operator P ab3/2
and its basic properties are as follows [1]:21
P ab3/2 ≡ πab −
1
d− 1π
acπbeγcγe , πab ≡ ηab − ∂
a∂b
✷
,
(8.2)
∂aP ab3/2 = 0 , P
ab
3/2∂
b = 0 , γaP ab3/2 = 0 , P
ab
3/2γ
b = 0 .
Lagrangian (8.1) is invariant under the gauge transformations
δψa = ∂aξ + γaλ , (8.3)
where ξ and λ are gauge transformations parameters.
For Lagrangian (8.1), we find two new representations, which, to our knowledge, have not been
discussed in earlier literature,
iL = F¯ aγabc✷k−1∂bF c , iL = W¯ a✷k−2γabc∂bW c , (8.4)
F ab ≡ ∂aψb − ∂bψa , (8.5)
F a ≡ γbF ab − 1
2(d− 1)γ
aγbcF bc , (8.6)
W a ≡ γb ∂/ F ab − 1
2(d− 1)γ
aγbc ∂/ F bc . (8.7)
We note that field strengths F a (8.6), W a (8.7) are manifestly invariant under ξ-gauge transforma-
tion (8.3), while, under λ-gauge transformation, these field strengths transform as
δF a = (d− 2)∂aλ , δW a = (2− d)∂a ∂/ λ . (8.8)
Using (8.8), we see that Lagrangians (8.4) are invariant under the λ-gauge transformation.
We now discuss on-shell D.o.F of the conformal theory under consideration. For this purpose,
we use fields transforming in spinor representations of the so(d− 2) algebra and classify on-shell
D.o.F by spin labels of so(d− 2). We prove (see Appendix E) that on-shell D.o.F are described by
2k + 1 non-chiral vector-spinor fields ψik′ and 2k − 1 non-chiral spinor fields ψk′:22
ψik′ , k
′ ∈ [k]2 ; (8.9)
ψik′ , k
′ ∈ [k − 1]2 ; (8.10)
ψk′ , k
′ ∈ [k − 1]2 ; (8.11)
ψk′ , k
′ ∈ [k − 2]2 , (8.12)
20Chiral spin- 3
2
field can be introduced by allowing the field ψa to be positive-chirality (or negative-chirality).
21In Ref.[1], operator P ab
3/2 was given for d = 4. Generalization to arbitrary d is straightforward. All that is required
is to respect relations (8.2) and the hermicity condition (iγ0P ab
3/2 ∂/ )
† = iγ0P ba
3/2 ∂/ .
22If the generic conformal field ψ has positive (or negative) chirality, then fields in (8.9),(8.11) should have positive
(or negative) chirality, while fields in (8.10),(8.12) should have negative (or positive) chirality.
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where we use the notation as in (2.11). The complex-valued fermionic fields ψik′ and ψk′ transform
in the respective non-chiral vector-spinor and non-chiral spinor representations of the so(d − 2)
algebra.23 We note that on-shell D.o.F given in (8.12) appear only for d ≥ 6 (i.e., k ≥ 2).
Total number of complex-valued on-shell D.o.F shown in (8.9)-(8.12) is given by
n = 2
d−2
2 d(d− 3) . (8.13)
We note that n (8.13) is a sum of D.o.F for fields given in (8.9)-(8.12):24
n =
∑
k′∈[k]2
n(ψik′) +
∑
k′∈[k−1]2
n(ψik′) +
∑
k′∈[k−1]2
n(ψk′) +
∑
k′∈[k−2]2
n(ψk′) , (8.14)
n(ψik′) = 2
d−2
2 (d− 3) , k′ ∈ [k]2 ;
n(ψik′) = 2
d−2
2 (d− 3) , k′ ∈ [k − 1]2 ;
n(ψk′) = 2
d−2
2 , k′ ∈ [k − 1]2;
n(ψk′) = 2
d−2
2 , k′ ∈ [k − 2]2 . (8.15)
8.2 Ordinary-derivative formulation of spin-32 conformal field
Field content. To discuss ordinary-derivative and gauge invariant formulation of spin-3
2
conformal
non-chiral Dirac field in flat space of dimension d ≥ 4 we use 2k+1 non-chiral vector-spinor Dirac
fields ψak′ and 2k − 1 non-chiral spinor Dirac fields ψk′ :
ψak′ , k
′ ∈ [k]2; (8.16)
ψak′ , k
′ ∈ [k − 1]2 ; (8.17)
ψk′ , k
′ ∈ [k − 1]2 ; (8.18)
ψk′ , k
′ ∈ [k − 2]2 ; (8.19)
k ≡ d− 2
2
, (8.20)
where the spinor indices of the fermionic fields ψak′ and ψk′ are implicit. The fields ψak′ and ψk′ are
the respective non-chiral vector-spinor fields and non-chiral spinor fields of the Lorentz algebra
so(d− 1, 1).25 We note that fields in (8.19) appear only for d ≥ 6 (i.e., k ≥ 2). Also, we note that
fields in (8.16)-(8.19) have the conformal dimensions
∆ψa
k′
=
d− 1
2
+ k′ , ∆ψk′ =
d− 1
2
+ k′ . (8.21)
23These fields satisfy the standard constraints γiψik′ = 0, Π−ˆψik′ = 0, Π−ˆψk′ = 0 (for details, see Appendix E).
24Total number of D.o.F n (8.13) for spin- 3
2
conformal fermionic field in d = 4 was found in Ref.[1]. Decompo-
sition of n (8.14) into irreps of the so(d − 2) algebra for the case of d = 4 spin- 3
2
conformal field was carried out in
Ref.[39]. In Appendix E, we use light-cone approach to generalize these results to the case of arbitrary d ≥ 4.
25Chiral fermionic fields can be introduced by allowing fields in (8.16), (8.18) to be positive-chirality (or negative-
chirality), while fields in (8.17),(8.19) to be negative-chirality (or positive-chirality).
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In order to obtain the gauge invariant description in an easy–to–use form we use oscillators αa,
ζ , υ⊕, υ⊖ (2.1) and collect fields (8.16)-(8.19) into the ket-vector |ψ〉 defined by
|ψ〉 = |ψ1〉+ ζ |ψ0〉 , (8.22)
where the ket-vectors |ψ1〉, |ψ0〉 are defined by
|ψ1〉 =
( |ψu1〉
|ψd1〉
)
, |ψ0〉 =
( |ψu0〉
|ψd0〉
)
, (8.23)
|ψu1〉 ≡
∑
k′∈[k]2
1
(k+k
′
2
)!
αa(υ⊕)
k+k′
2 (υ⊖)
k−k′
2 ψak′|0〉 , (8.24)
|ψd1〉 ≡
∑
k′∈[k−1]2
1
(k−1+k
′
2
)!
αa(υ⊕)
k−1+k′
2 (υ⊖)
k−1−k′
2 ψak′ |0〉 , (8.25)
|ψu0〉 ≡
∑
k′∈[k−1]2
1
(k−1+k
′
2
)!
(υ⊕)
k−1+k′
2 (υ⊖)
k−1−k′
2 ψk′|0〉 , (8.26)
|ψd0〉 ≡
∑
k′∈[k−2]2
1
(k−2+k
′
2
)!
(υ⊕)
k−2+k′
2 (υ⊖)
k−2−k′
2 ψk′|0〉 , (8.27)
and k is given in (8.20). We see that ket-vector (8.22) satisfies the algebraic constraints:
(Nα +Nζ − 1)|ψ〉 = 0 , (8.28)
(Nζ +Nυ − k)π+|ψ〉 = 0 , (8.29)
(Nζ +Nυ − k + 1)π−|ψ〉 = 0 . (8.30)
From algebraic constraints (8.28)-(8.30), we learn that
a) ket-vector |ψ〉 (8.22) is degree-1 homogeneous polynomial in the oscillators αa, ζ ;
b) ket-vector |ψu1〉 (8.24) is degree-k homogeneous polynomial in υ⊕, υ⊖;
c) ket-vectors |ψd1〉 (8.25), |ψu0〉 (8.26) are degree k − 1 homogeneous polynomials in υ⊕, υ⊖;
e) ket-vector |ψd0〉 (8.27) is degree k − 2 homogeneous polynomial in υ⊕, υ⊖.
Lagrangian. Lagrangian we found takes the form
iL = 〈ψ|E|ψ〉 , (8.31)
E = E(1) + E(0) , (8.32)
E(1) ≡ ∂/ − α∂γα¯− γαα¯∂ + γα ∂/ γα¯ , (8.33)
E(0) = (1− γαγα¯)eΓ1 + γαe¯1 + e1γα¯ , (8.34)
eΓ1 =
d
d− 2Nζ (υ¯
⊖σ− + υ
⊖σ+) , (8.35)
e1 = ufζυ¯
⊖ , e¯1 = −ufυ⊖ζ¯ , uf ≡
(d− 1
d− 2
)1/2
, (8.36)
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where E(1) (8.33) is the Rarita-Schwinger operator rewritten in terms of the oscillators.
Gauge transformations. We now discuss gauge symmetries of the Lagrangian. To this end
we introduce the gauge transformation parameters,
ξk′−1 , k
′ ∈ [k]2 ;
(8.37)
ξk′−1 k
′ ∈ [k − 1]2 .
The gauge transformations parameters ξk′ are non-chiral spinor fields of the Lorentz algebra so(d−
1, 1). We collect the gauge transformation parameters in the ket-vector |ξ〉 defined by
|ξ〉 =
( |ξu〉
|ξd〉
)
, (8.38)
|ξu〉 ≡
∑
k′∈[k]2
1
(k+k
′
2
)!
(υ⊕)
k+k′
2 (υ⊖)
k−k′
2 ξk′−1|0〉 , (8.39)
|ξd〉 ≡
∑
k′∈[k−1]2
1
(k−1+k
′
2
)!
(υ⊕)
k−1+k′
2 (υ⊖)
k−1−k′
2 ξk′−1|0〉 . (8.40)
Ket-vector of gauge transformation parameters |ξ〉 (8.38) satisfies the algebraic constraints
(Nυ − k)π+|ξ〉 = 0 , (Nυ − k + 1)π−|ξ〉 = 0 , (8.41)
which tell us that ket-vector |ξu〉 (8.39) is degree-k homogeneous polynomial in υ⊕, υ⊖, while
ket-vector |ξd〉 (8.40) is degree k − 1 homogeneous polynomial in υ⊕, υ⊖.
Gauge transformations take the form
δ|ψ〉 = G|ξ〉 , G ≡ α∂ − e1 + 1
d− 2γαe
Γ
1 , (8.42)
where eΓ1 and e1 are given in (8.35), (8.36).
Component form of Lagrangian and gauge transformations. Component form of La-
grangian (8.31) is obtained by plugging ket-vector (8.22) into (8.31). Doing so, we obtain the
component form of the Lagrangian,
L =
∑
k′∈[k]1
Lk′ ,
iLk′ = ψ¯a−k′γabc∂bψck′ + ψ¯−k′ ∂/ ψk′
− ψ¯a−k′γabψbk′+1 + uf(ψ¯−k′γaψak′+1 − ψ¯a−k′γaψk′+1) +
d
d− 2 ψ¯−k′ψk′+1 , (8.43)
where uf is given in (8.36). We see that one-derivative contributions to Lagrangian (8.43) are the
standard Rarita-Schwinger kinetic terms for the spin-3
2
fields ψak′ and the standard Dirac kinetic
terms for the spin-1
2
fields ψk′ . Besides the one-derivative contributions, the Lagrangian involves
derivative-independent contributions. Appearance of the derivative-independent contributions is a
characteristic feature of the ordinary-derivative approach to conformal fermionic fields.
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Component form of the gauge transformations is obtained by plugging ket-vectors (8.22),
(8.38) into (8.42),
δψak′ = ∂
aξk′−1 +
1
d− 2γ
aξk′ , (8.44)
δψk′ = −ufξk′ , (8.45)
where uf is given in (8.36). Two remarks are in order.
i) From (8.45), we see that the fields ψk′ transform as Stueckelberg fields.
ii) The field ψa−k has the same conformal dimension as the field ψa entering the higher-derivative
approach (8.1), i.e., we can use the identification ψa−k = ψa. The remaining fields ψak′ , k′ =
−k+1,−k+2, . . . k−1, k, are auxiliary fields. Gauging away all spin-1
2
fields, ψk′ = 0, we make
sure that equations of motion for the auxiliary fields obtained from (8.43) take the form
γabc∂bψck′ − γabψbk′+1 = 0 . (8.46)
These equations tell us that we can express all auxiliary vector-spinor fields in terms of ψa−k ≡ ψa,
ψak′ = ✷
k+k′−1
2 F a +
d− 2
2(d− 1)θk′✷
k+k′−3
2 ∂aγbc ∂/ F bc , for k′ = [k − 1]2 , (8.47)
ψak′ = −✷
k+k′−2
2 W a − d− 2
2(d− 1)✷
k+k′−2
2 ∂aγbcF bc ,
for k′ = −k + 2,−k + 4, . . . , k − 4, k − 2, k , (8.48)
θ−k+1 = 0 , θk′ = 1 , k
′ = −k + 3,−k + 5, . . . , k − 3, k − 1 , (8.49)
where field strengths F ab, F a, W a are defined as in (8.5)-(8.7). Plugging solution for auxiliary
fields (8.47),(8.48) into (8.43), we obtain higher-derivative Lagrangian (8.4), i.e., our approach
and the higher-derivative approach are equivalent.
Conformal symmetries. To complete ordinary-derivative description of the spin-3
2
field we
provide realization of the conformal algebra symmetries on space of ket-vector |ψ〉 (8.22). All
that is required is to fix operators Mab, ∆ and Ra for the case of spin-3
2
conformal fermionic field
and then use these operators in (2.17)-(2.20). The realization of the spin operator of the Lorentz
algebra and conformal dimension operator ∆ on space of |ψ〉 takes the form
Mab = αaα¯b − αbα¯a + 1
2
γab , (8.50)
∆ =
d− 1
2
+ ∆′ , ∆′ ≡ Nυ⊕ −Nυ⊖ , (8.51)
where the realization of the conformal dimension operator ∆ on space of |ψ〉 given in (8.51) can
be read from (8.21). The realization of the operator Ra on space of |ψ〉 is given by
Ra = ra +Ra
E
+Ra
G
, (8.52)
ra = rΓ0,1(γ
a − 2
d− 2γαα¯
a) + r0,1α¯
a + r¯0,1(α
a − 1
d− 2γαγ
a) + r1,1∂
a , (8.53)
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Ra
G
= Gra
G
, Ra
E
= ra
E
E , (8.54)
rΓ0,1 =
d
d− 2Nζ (υ¯
⊕σ− − υ⊕σ+) , (8.55)
r0,1 = 2ufζυ¯
⊕ , r¯0,1 = −2ufυ⊕ζ¯ , r1,1 = −2υ⊕υ¯⊕ , (8.56)
ra
G
= rG,1α¯
a + rG,2γ
a + rG,3γ
aγα¯ , (8.57)
ra
E
= rE,1γ
a + rE,2α
aγα¯ + rE,3γαα¯
a + rE,4γαγ
aγα¯
+ rE,5α
a + rE,6α¯
a + rE,7γαγ
a + rE,8γ
aγα¯ + rE,9γ
a , (8.58)
rG,n = υ
⊕r˜G,n−υ¯
⊕π− + υ
⊕r˜G,n+υ¯
⊕π+ , n = 1, 3 ;
rG,n = υ
⊕r˜G,n−υ¯
⊕ζ¯σ− + υ
⊕υ⊕r˜G,n+ζ¯σ+ , n = 2 ; (8.59)
rE,n = (υ
⊕r˜E,n−υ¯
⊕π− + υ
⊕r˜E,n+υ¯
⊕π+)(1−Nζ) , n = 1 ;
rE,n = υ
⊕r˜E,n−υ¯
⊕π− + υ
⊕r˜E,n+υ¯
⊕π+ , n = 2, 3, 4 ;
rE,n = υ
⊕r˜E,n−υ¯
⊕ζ¯σ− + υ
⊕υ⊕r˜E,n+ζ¯σ+ , n = 5, 7 ;
rE,n = ζr˜E,n−υ¯
⊕υ¯⊕σ− + ζυ
⊕r˜E,n+υ¯
⊕σ+ , n = 6, 8 ;
rE,n = (υ
⊕r˜E,n−υ¯
⊕π− + υ
⊕r˜E,n+υ¯
⊕π+)Nζ , n = 9 ; (8.60)
r˜G,n± = r˜G,n±(∆
′) , n = 1, 2, 3 . (8.61)
r˜E,n± = r˜E,n±(∆
′) , n = 1, . . . , 9 ; (8.62)
r˜†E,n± = r˜E,n± a = 1, 4, 9 ;
r˜†
E,2± = r˜E,3± , r˜
†
E,5± = −rE,6∓ , r˜†E,7± = −r˜E,8∓ , (8.63)
where uf (8.56) is given in (8.36). Operators G and E (8.54) are given in (8.42) and (8.32) re-
spectively. Quantities r˜G,n±, r˜E,n± (8.61),(8.62) are arbitrary functions of the operator ∆′. The
quantities r˜E,n± are subject to hermitian conjugation rules in (8.63). Details of the derivation of
the Lagrangian, gauge transformations and operator Ra may be found in Appendix F.
The following remarks are in order.
i) ra part of the operator Ra is fixed uniquely, while Ra
G
and Ra
E
parts, in view of arbitrary r˜G,n±,
r˜E,n±, are still to be arbitrary. The arbitrariness in RaG is related to the fact that global transforma-
tions of gauge fields are defined up to gauge transformations. Reason of the arbitrariness in Ra
E
is
the same as for the case of spin-1
2
conformal field (see discussion below Eq.(7.20)).
ii) We check that Ra transformations with Ra
G
= 0, Ra
E
= 0 satisfy the commutator [Ka, Kb] = 0.
In terms of the component fields, Ra transformations with Ra
G
= 0, Ra
E
= 0 take the form
δRaψ
b
k′ = −
k + k′
2
(γaψbk′−1 −
1
k
γbψak′−1)− (k + k′)uf(ηab −
1
2k
γbγa)ψk′−1
− 1
2
(k + k′)(k + 2− k′)∂aψbk′−2 , k′ ∈ [k]2 , (8.64)
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δRaψ
b
k′ =
k + 1− k′
2
(γaψbk′−1 −
1
k
γbψak′−1)− (k − 1 + k′)uf(ηab −
1
2k
γbγa)ψk′−1
− 1
2
(k − 1 + k′)(k + 1− k′)∂aψbk′−2 , k′ ∈ [k − 1]2 , (8.65)
δRaψk′ = −k + 1
2k
(k − 1 + k′)γaψk′−1 + uf(k + 1− k′)ψak′−1
− 1
2
(k − 1 + k′)(k + 1− k′)∂aψk′−2 , k′ ∈ [k − 1]2 , (8.66)
δRaψk′ =
k + 1
2k
(k − k′)γaψk′−1 + uf(k − k′)ψak′−1
− 1
2
(k − 2 + k′)(k − k′)∂aψk′−2 , k′ ∈ [k − 2]2 . (8.67)
iii) To find all Ra
G
, Ra
E
which satisfy the commutator [Ka, Kb] = 0, we note the relations
[Ka, Kb] = W ab , (8.68)
W ab ≡ Grab
G
+ rab
E
E +Grab
GE
E , (8.69)
rab
G
≡ rarb
G
+ ra
G
rb + ra
G
Grb
G
− (a↔ b) , (8.70)
rab
E
≡ rarb
E
+ rb
E
ra†ˆ + ra
E
Erb
E
− (a↔ b) , ra†ˆ ≡ −γ0ra†γ0 , (8.71)
rab
GE
≡ ra
G
rb
E
− (a↔ b) . (8.72)
From (8.68), we see that the requirement [Ka, Kb] = 0 amounts to the equations
W ab = 0 . (8.73)
We now present solutions of Eqs.(8.73) for d = 4, d = 6, and d ≥ 8 in turn.
Case d = 4 (k = 1). For this case, solution to Eqs.(8.73) is given by
r˜E,n+ = cE,n+, n = 1, 2, 3, 4;
r˜E,n− ≡ 0 , n = 1, 2, 3, 4;
r˜E,n± ≡ 0 , n = 5, 6, 7, 8, 9;
r˜G,n± = cG,n±, n = 1, 3;
r˜G,n± ≡ 0 , n = 2 , (8.74)
where cE,1+, cE,4+ are real-valued constants, while cE,2+ = c∗E,3+, and cG,n± are complex-valued
constants.
Case d = 6 (k = 2). For this case, solution to Eqs.(8.73) is given by
r˜E,1± = 0 , r˜E,2+ = 0 , r˜E,2− = 2Y (1 + 5e
−iϕ)c ,
r˜E,3+ = 0 , r˜E,3− = 2Y¯ (1 + 5e
iϕ)c ,
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r˜E,4+ = c , r˜E,4− = Y Y¯
(
88(1− cosϕ)c+ 5 cosϕ+ 2
)
c ,
r˜E,5+ = 0 , r˜E,5− =
1
uf
r˜E,2− , r˜E,6+ = − 1
uf
r˜E,3− , r˜E,6− = 0 ,
r˜E,7+ = 4ufe
iϕc , r˜E,7− = − 1
2uf
r˜E,3− +
1
uf
r˜E,4− ,
r˜E,8+ =
1
2uf
r˜E,2− − 1
uf
r˜E,4− , r˜E,8− = −4ufe−iϕc ,
r˜E,9+ =
1
2u2f
(r˜E,2− + r˜E,3−)− 1
u2f
r˜E,4− , r˜E,9− ≡ 0 ,
Y −1 ≡ 24(1− e−iϕ)c− 1 , Y¯ −1 ≡ 24(1− eiϕ)c− 1 , (8.75)
where uf ≡
√
5/2. Parameters c and ϕ appearing in (8.75) are real-valued constants, i.e., we see
that solution for r˜E,n± is described by two real-valued constants. Expressions for r˜G,n± depend on
c. For c 6= 0, we obtain
r˜G,1+ =
4
∆′ + c1+
, r˜G,1− =
2(3 + eiϕ)
c1+ + eiϕ
,
r˜G,2+ =
eiϕ
uf(c1+ + 1)
, r˜G,2− =
5 + 3eiϕ
2uf(c1+ + eiϕ)
, r˜G,3± = 0 ,
c2+ ≡ 1
uf
eiϕ , c2− ≡ 5 + 3e
iϕ
uf(3 + eiϕ)
, (8.76)
where c1+ is complex-valued constant. For c = 0, we obtain
r˜G,1+ =
4
∆′ + c1+
, r˜G,1− =
4
c1−
,
r˜G,2+ =
c2+
1 + c1+
, r˜G,2− =
c2−
c1−
, r˜G,3± = 0 ,
c2+ ≡ 1
uf(2− c1−)(3c1− − 2c1+) , c2− ≡
1
uf(3− c1+)(2c1− − 3c1+ + 5) , (8.77)
where c1± are complex-valued constants.
Case d ≥ 8 (k ≥ 3). For this case, solution to Eqs.(8.73) is given by
r˜E,n± = 0 , n = 1, 2, . . . , 9 ,
r˜G,1± =
4
∆′ + c1±
,
r˜G,2+ =
c2+
∆′ + 1 + c1+
, r˜G,2− =
c2−
∆′ + c1−
, r˜G,3± = 0 ,
c2+ ≡ 2
ufk(k − c1−)((k + 1)c1− − kc1+) ,
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c2− ≡ 2
ufk(k + 1− c1+)(kc1− − (k + 1)c1+ + 2k + 1) , (8.78)
where c1± are complex valued constants.
Spin-3
2
conformal field in 4d. To illustrate our approach we consider spin-3
2
in 4d, which is the
simplest conformal theory of spin-3
2
field involving Stueckelberg field. Our field content involves
three spin-3
2
fields and one spin-1
2
field (see (8.16)-(8.18)),
ψa
−1
ψa
1
ψa
0
ψ0 (8.79)
The corresponding Lagrangian (8.43) takes the form
iL = ψ¯a
−1
γabc∂bψc
1
+ ψ¯a
0
γabc∂bψc
0
+ ψ¯a
1
γabc∂bψc
−1
+ ψ¯0 ∂/ ψ0
− ψ¯a
1
γabψb
0
− ψ¯a
0
γabψb
1
+ uf(ψ¯0γ
aψa
1
− ψ¯a
1
γaψ0) , (8.80)
where uf =
√
3/2. Gauge symmetries are described by three gauge transformation parameters
(see (8.37))
ξ
−2 ξ0
ξ
−1 (8.81)
and appropriate gauge transformations are given by (see (8.44),(8.45))
δψa
−1
= ∂aξ
−2 +
1
2
γaξ
−1 , (8.82)
δψa
0
= ∂aξ
−1 +
1
2
γaξ0 , (8.83)
δψa
1
= ∂aξ0 , (8.84)
δψ0 = −ufξ0 . (8.85)
From (8.85), we see that the field ψ0 transforms as Stueckelberg field.
Ra transformations taken in the minimal scheme, Ra
G
= 0, Ra
E
= 0, are given by
δRaψ
b
−1
= 0 , (8.86)
δRaψ
b
0
= γaψb
−1
− γbψa
−1
, (8.87)
δRaψ
b
1
= γbψa
0
− γaψb
0
− ufγaγbψ0 − 2∂aψb−1 , (8.88)
δRaψ0 = 2ufψ
a
−1
. (8.89)
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9 Conclusions
We have developed the ordinary-derivative approach to conformal fields in flat space of arbitrary
dimension. In this paper, we applied this approach to the study of low-spin fields. Because the
approach we presented is based on the use of oscillator realization of spin degrees of freedom
of gauge fields it allows straightforward generalization to higher-spin conformal fields. Compar-
ison of approach we developed with other approaches available in the literature leads us to the
conclusion that our approach is very interesting and attractive.
The results presented here should have a number of interesting applications and generalizations,
some of which are:
i) generalizations to supersymmetric conformal field theories and applications to conformal
supergravities in various dimensions [47]-[52]. The first step in this direction is to understand
how the supersymmetries are realized in the framework of our approach. Note that, in this pa-
per, we worked out ordinary-derivative Lagrangians and realizations of conformal symmetries for
all fields that appear in supermultiplets of conformal supergravities and involve higher-derivative
contributions to Lagrangians of conformal supergravity theories.
ii) extension of our approach to interacting (super)conformal low-spin and higher-spin field
theories [53, 54].26 Our approach to conformal theories is based on new realization of conformal
gauge symmetries via Stueckelberg fields. In our approach, use of Stueckelberg fields is very
similar to the one in gauge invariant formulation of massive fields. Stueckelberg fields provide
interesting possibilities for the study of interacting massive gauge fields (see e.g. Refs.[56, 57]).
Therefore we think that application of our approach to the (super)conformal interacting fields
should lead to new interesting development.
iii) BRST approach turned out to be successful for the analysis of various aspects of relativistic
dynamics (see e.g. Ref.[58]). Though BRST approach was extended to higher-derivative theories
(see e.g. Ref.[59]), it seems that this approach is conveniently adopted for ordinary-derivative for-
mulation. BRST approach was extensively developed in recent time (see e.g. Refs.[60]-[65]) and
was applied to the study of ordinary-derivative Lagrangian theories of massless and massive fields
in flat and AdS spaces. Because AdS theories and conformal theories share many algebraic prop-
erties, application of the previously developed BRST methods to the study of ordinary-derivative
conformal field theories should be relatively straightforward.
iv) There are other interesting approaches in the literature which could be used to discuss the
ordinary-derivative formulation of conformal theories. This is to say that various formulations in
terms of unconstrained fields in flat space and AdS space may be found e.g. in Refs.[66]-[68].
v) Mixed-symmetry fields [69, 70] have attracted considerable interest in recent time (see e.g.
Refs.[71]-[77]). Higher-derivative formulation of mixed-symmetry conformal fields was recently
developed in Ref.[78]. We think that ordinary-derivative formulation of mixed-symmetry fields
might be useful for the study of various aspects of conformal fields (see e.g. Ref.[79]). We note also
that, in AdSd space, massless mixed-symmetry fields, in contrast to massless fields in Minkowski
space whose physical degrees of freedom transform in irreps of o(d − 2) algebra, reduce to a
number of irreps of so(d − 2) algebra. In other words, not every massless field in flat space
admits a deformation to AdS space with the same number of degrees of freedom [80]. It would be
interesting to understand this phenomenon from the point of view of mixed-symmetry conformal
fields.
vi) extension of our approach to light-cone gauge conformal fields and application to analysis
26In the framework higher-derivative formulation, uniqueness of interacting spin-2 conformal field theory was dis-
cussed in Ref.[55].
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of interaction of conformal fields to composite operators constructed out of the fields of supersym-
metric YM theory.27 We expect that a quantization of the Green-Schwarz AdS superstring with
a Ramond - Ramond charge will be available only in the light-cone gauge [82]-[84]. Therefore it
seems that from the stringy perspective of AdS/CFT correspondence the light-cone approach to
conformal field theory is the fruitful direction to go.
We strongly believe that the approach developed in this paper will be useful for better under-
standing conformal field theory.
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Appendix A Counting of on-shell D.o.F for spin-1 field
We analyze on-shell D.o.F for spin-1 conformal field that is described by Lagrangian (4.1). To this
end we use the framework of light-cone gauge approach which turns out to be convenient for our
purpose.28 Lagrangian (4.1) leads to the following equations of motion:
✷
1+kφa −✷k∂a∂bφb = 0 . (A.1)
Making use of the light-cone gauge,29
φ+ = 0 , (A.2)
we obtain from ‘+’ component of Eqs.(A.1) ,
∂+✷k∂bφb = 0 . (A.3)
As usually, kernel of the derivative ∂+ is assumed to be trivial. Therefore Eq.(A.3) amounts to the
equation ✷k∂bφb = 0. Plugging the latter equation into (A.1), we get ✷1+kφa = 0. To summarize,
in the light-cone gauge, the generic Eqs.(A.1) amount to the equations
✷
1+kφa = 0 , ✷k∂aφa = 0 . (A.4)
To get ordinary-derivative form of Eqs.(A.4) we introduce k + 1 vector fields and k scalar fields,
φak′ , k
′ ∈ [k]2 , (A.5)
φk′ , k
′ ∈ [k − 1]2 , (A.6)
where we use the notation as in (2.11) and the generic conformal vector field φa is identified as
φa−k ≡ φa. We now cast Eqs.(A.4) into the following ordinary-derivative form:
✷φak′ − φak′+2 = 0 , k′ ∈ [k]2; (A.7)
27Approach developed in Ref.[81] should streamline such a analysis.
28Discussion of alternative methods for counting on-shell D.o.F may be found in Refs.[39, 36].
29Light-cone coordinates in ± directions are defined as x± = (xd−1 ± x0)/√2 and x+ is taken to be a light-cone
time. We adopt the conventions: ∂i = ∂i ≡ ∂/∂xi, ∂± = ∂∓ ≡ ∂/∂x∓, i, j = 1, . . . , d− 2. Lorentz algebra vector
Xa is decomposed as Xa = (X+, X−, X i). Note that X+ = X−, X− = X+, X i = Xi.
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∂aφak′ − φk′+1 = 0 , k′ ∈ [k]2; (A.8)
✷φk′ − φk′+2 = 0 , k′ = [k − 1]2 , (A.9)
where we use the conventions φak+2 ≡ 0, φk+1 ≡ 0. Note that light-cone gauge for generic field
(A.2) and Eqs.(A.7) lead to the light-cone gauge for vector fields φak′ (A.5),
φ+k′ = 0 , k
′ ∈ [k]2 . (A.10)
Light-cone gauge (A.10) and constraints (A.8) allow us to express φ−k′ in terms of on-shell vector
fields φik′ and scalar fields φk′ ,
φ−k′ = −
∂i
∂+
φik′ +
1
∂+
φk′+1 , (A.11)
i.e., on-shell, we have k + 1 vector fields φik′ , k′ ∈ [k]2, and k scalar fields φk′ , k′ ∈ [k − 1]2.
Appendix B Spin-1 field: Derivation of Lagrangian,
gauge transformations, and operator Ra
We begin with the study of restrictions imposed by gauge symmetries. For the spin-1 conformal
field, general ordinary-derivative Lagrangian and gauge transformations are given by
L = 1
2
〈φ|E|φ〉 , (B.1)
E = E(2) + E(1) + E(0) , (B.2)
E(2) = ✷− α∂α¯∂ , (B.3)
E(1) = e¯1α∂ + e1α¯∂ , (B.4)
E(0) = m1 , (B.5)
δ|φ〉 = (G(1) +G(0))|ξ〉 , G(1) ≡ α∂ , G(0) ≡ b1 , (B.6)
e1 = ζe˜1υ¯
⊖ , e¯1 = υ
⊖˜¯e1ζ¯ , (B.7)
m1 = υ
⊖m˜1υ¯
⊖ , b1 = ζb˜1υ¯
⊖ , (B.8)
e˜1 = e˜1(∆
′) , m˜1 = m˜1(Nζ ,∆
′) , b˜1 = b˜1(∆
′) , (B.9)
m˜†1 = m˜1 , e˜
†
1 = −˜¯e1 . (B.10)
For the notation, see (2.4)-(2.7). We note that:
i) The Maxwell operator E(2) (B.3) is fixed by requiring the 〈φ|E(2)|φ〉 part of the Lagrangian to be
invariant under standard gradient α∂|ξ〉 part of gauge transformations (B.6);
ii) dependence of operators E (B.2), G(1), G(0) (B.6) on the oscillators in (B.7)-(B.9) is fixed by
requiring the ket-vectors E|φ〉, (G(1) +G(0))|ξ〉 to satisfy constraints given in (4.10),(4.11);
iii) quantities e˜1, m˜1, b˜1 in (B.7)-(B.9) depend Nζ and ∆′. Because |φ〉 (4.7) is polynomial of
degree-1 in ζ , the quantity m˜1 should be determined only for Nζ = 0, 1.
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Thus all that remains is to find dependence of the quantities e˜1, m˜1, b˜1 on Nζ and ∆′. To this
end we study restrictions imposed by the gauge symmetries. Variation of Lagrangian (B.1) under
gauge transformations (B.6) takes the form (up to total derivative)
δL = 〈φ|(e1 + b1)✷+ (m1 + e¯1b1)α∂ +m1b1|ξ〉 . (B.11)
Requiring the variation to vanish gives the relations
(b1 + e1)|ξ〉 = 0 , (m1 + e¯1b1)|ξ〉 = 0 , m1b1|ξ〉 = 0 . (B.12)
Using (B.7),(B.8), we find that equations (B.12) amount to the equations
b˜1 = −e˜1 , m˜1(0,∆′) = ˜¯e1e˜1 , m˜1(1,∆′)˜b(1)1 = 0 , (B.13)
where b˜(1)1 ≡ b˜1|∆′→∆′+1. Equations (B.13) are the restrictions imposed by the gauge symmetries.
These equations alone do now allow to determine e˜1, m˜1, b˜1 uniquely, i.e., the gauge symmetries
alone are not enough to fix Lagrangian and gauge transformations uniquely. Therefore we now
consider restrictions imposed by conformal boost symmetries.
Analysis of restrictions imposed by conformal boost symmetries. Requiring Lagrangian
(B.1) to be invariant (up to total derivative) under conformal boost transformations given in (2.16),
(2.20), we find the equations
Ra†E + ERa + Ea
(0)
+ Ea
(1)
≈ 0 , (B.14)
Ea(1) ≡ 2∆′∂a − (∆′ +
d− 4
2
)αaα¯∂ + (−∆′ + d− 4
2
)α∂α¯a , (B.15)
Ea
(0)
≡ e¯1(∆′ + d− 2
2
)αa − (−∆′ + d− 2
2
)e1α¯
a . (B.16)
In (B.14) and below, to simplify our formulas, we adopt the following convention. Let A be some
operator. We use the relation A ≈ 0 in place of A|φ〉 = 0, where |φ〉 is defined in (4.7).
The operator Ra turns out to be degree-1 polynomial in the derivative. Therefore it is conve-
nient to represent the operator Ra as the power series in the derivative,
Ra = Ra(0) +R
a
(1) , (B.17)
where Ra(n) stands for the contribution involving n derivatives. Using power series expansions of
operators E (B.2) and Ra (B.17), we see that Eqs.(B.14) amount to the following equations:
E(2)R
a
(1)
+ h.c. ≈ 0 , (B.18)
E(2)R
a
(0) + E(1)R
a
(1) + h.c. ≈ 0 , (B.19)
(E(1)R
a
(0) + E(0)R
a
(1) + h.c.) + E
a
(1) ≈ 0 , (B.20)
(E(0)R
a
(0)
+ h.c.) + Ea
(0)
≈ 0 . (B.21)
Most general form of the operator Ra that respects constraints in (4.10),(4.11) is given by
Ra = ra
(0)
+ ra
(1)
+Ra
G
, (B.22)
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ra
(0)
= r¯0,1α
a + r0,1α¯
a , (B.23)
ra
(1)
= r1,1∂
a + r1,5α
aα¯∂ , (B.24)
Ra
G
= Gra
G
, G ≡ G(1) +G(0) , (B.25)
ra
G
= rG,1α¯
a , (B.26)
r0,1 = ζr˜0,1υ¯
⊕ , r¯0,1 = υ
⊕˜¯r0,1ζ¯ , (B.27)
r1,1 = υ
⊕r˜1,1υ¯
⊕ , r1,5 = υ
⊕r˜1,5υ¯
⊕ , (B.28)
rG,1 = υ
⊕r˜G,1υ¯
⊕ , (B.29)
˜¯r0,1 = ˜¯r0,1(∆′) , r˜0,1 = r˜0,1(∆′) , r˜1,5 = r˜1,5(∆′) , r˜G,1 = r˜G,1(∆′) , (B.30)
r˜1,1 = r˜1,1(Nζ,∆
′) , (B.31)
where G(1), G(0) (B.25) are given in (B.6). Note that because Ra (B.22) can be presented as in
(B.17) with
Ra
(0)
= ra
(0)
+G(1)r
a
G
, Ra
(1)
= ra
(1)
+G(0)r
a
G
, (B.32)
and in view of the relation EGra
G
|φ〉 = 0, all terms proportional to ra
G
cancel in Eqs.(B.18)-(B.21).
This implies that we can replace ra(0) forRa(0) and ra(1) forRa(1) in (B.17) when we analyze Eqs.(B.18)-
(B.21). We now analyze Eqs.(B.18)-(B.21) in turn.
i) Using the relation
E(2)r
a
(1)
≈ r1,1E(2)∂a + r1,5αa✷α¯∂ − r1,5α∂ α¯∂ ∂a , (B.33)
we find that requiring the ra
(1)
to satisfy Eqs.(B.18) gives
r†1,1 = r1,1 , r1,5 = 0 . (B.34)
ii) Using the relations
E(2)r
a
(0)
≈ r¯0,1αa✷+ r0,1✷α¯a − r¯0,1α∂ ∂a , (B.35)
E(1)r
a
(1) ≈ e¯1r1,1α∂ ∂a + e1r1,1α¯∂ ∂a , (B.36)
we obtain that requiring the ra
(0)
, ra
(1)
to satisfy Eqs.(B.19) amounts to the restrictions
r¯0,1 = [e¯1, r1,1] , r0,1 ≡ −r¯†0,1 . (B.37)
iii) Using the relations
E(1)r
a
(0) ≈ e¯1r0,1α∂α¯a + e1r¯0,1∂a , E(0)ra(1) ≈ m1r1,1∂a , (B.38)
we make sure that Eqs.(B.20) amount to the equations
−r0,1e¯1 + e1r¯0,1 + [m1, r1,1] + 2∆′
∣∣∣
Nζ=0,1
= 0 , (B.39)
e¯1r0,1 −∆′ + d− 4
2
∣∣∣
Nζ=0
= 0 , (B.40)
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r¯0,1e1 +∆
′ +
d− 4
2
∣∣∣
Nζ=0
= 0 . (B.41)
In (B.39)-(B.41), we use the shortcut A|Nζ=0,1 = 0 for the respective two equations A|φ1〉 = 0,
A|φ0〉 = 0, where ket-vectors |φ1〉 and |φ0〉 are defined in (4.8),(4.9). Using (B.40), we find˜¯e1r˜0,1 = −2 . (B.42)
Eq.(B.42) implies ˜¯e1 6= 0 for all ∆′. Taking this into account, using (B.10) and appropriate field
redefinitions, we find ˜¯e1 = −1 , e˜1 = 1 . (B.43)
Using (B.42), we get the relation r˜0,1 = 2. Using these relations and (B.9),(B.13), we find
m˜1(0,∆
′) = −1 , m˜1(1,∆′) = 0 , b˜1 = −1 . (B.44)
We proceed to examine Eqs.(B.39). Using the results obtained, we find that Eqs.(B.39) amount to
r˜1,1 = −2 . (B.45)
With the results obtained, we make sure that Eq.(B.41) is satisfied automatically.
iv) Finally, we make sure that Eqs.(B.21) are satisfied automatically.
Appendix C Counting of on-shell D.o.F for spin-2 field
We analyze on-shell D.o.F for spin-2 conformal field that is described by Lagrangian (5.6). La-
grangian (5.6) leads to the equations of motion
✷
k+1P ab ceφce = 0 , (C.1)
which are invariant under linearized diffeomorphism gauge symmetries and Weyl conformal gauge
symmetry (5.9). We analyze Eqs.(C.1) by using the light-cone gauge to fix the diffeomorphism
gauge symmetries and the traceless condition to fix the Weyl gauge symmetry,
φ+a = 0 , φaa = 0 . (C.2)
Using (C.2), we find that ‘++’ component of equations (C.1),
✷
k+1P++ ceφce = 0 , (C.3)
amounts to the constraint
✷
k−1∂a∂aφab = 0 . (C.4)
Plugging (C.4) into (C.1), we obtain
✷
k+1φab − ∂a✷k∂cφbc − ∂b✷k∂cφac = 0 . (C.5)
‘a+’ components of Eqs.(C.5) give
✷
k∂bφab = 0 . (C.6)
To summarize, the generic equations (C.1) amount to the equations
✷
k+1φab = 0 , ✷k∂bφab = 0 , ✷k−1∂a∂bφab = 0 . (C.7)
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Introducing fields φabk′ , k′ ∈ [k]2, φak′ , k′ ∈ [k − 1]2, φk′, k′ ∈ [k − 2]2, and making use of the
identification φab−k ≡ φab, we rewrite Eqs.(C.7) into the ordinary-derivative form,
✷φabk′ − φabk′+2 = 0 , k′ ∈ [k]2; (C.8)
✷φak′ − φak′+2 = 0 , k′ ∈ [k − 1]2; (C.9)
✷φk′ − φk′+2 = 0 , k′ ∈ [k − 2]2; (C.10)
∂bφabk′ − φak′+1 = 0 , k′ ∈ [k]2; (C.11)
∂aφak′ − φk′+1 = 0 , k′ ∈ [k − 1]2 , (C.12)
where we assume the conventions φabk+2 ≡ 0, φak+1 ≡ 0, φk ≡ 0. Gauge conditions (C.2) and
Eqs.(C.8),(C.9) lead to
φ+ak′ = 0 , φ
ii
k′ = 0 , k
′ ∈ [k]2; (C.13)
φ+k′ = 0 , k
′ ∈ [k − 1]2 . (C.14)
Light-cone gauge (C.13),(C.14) and constraints (C.11),(C.12) allow us to express non-dynamical
fields φ−ik′ , φ
−−
k′ , and φ
−
k′ in terms of dynamical fields φ
ij
k′ , φ
i
k′ , and φk′ ,
φ−ik′ = −
∂j
∂+
φijk′ +
1
∂+
φik′+1 , (C.15)
φ−−k′ =
∂i∂j
∂+∂+
φijk′ − 2
∂i
∂+∂+
φik′+1 +
1
∂+∂+
φk′+2 , (C.16)
φ−k′ = −
∂i
∂+
φik′ +
1
∂+
φk′+1 . (C.17)
To summarize, we are left with on-shell D.o.F given by k + 1 traceless rank-2 tensor fields φijk′,
k′ ∈ [k]2, k vector fields φik′ , k′ ∈ [k − 1]2, and k − 1 scalar fields φk′ , k′ ∈ [k − 2]2, of the
so(d− 2) algebra.
Appendix D Spin-2 field: Derivation of Lagrangian,
gauge transformations, and operator Ra
We begin with the study of restrictions imposed by gauge symmetries. For the spin-2 conformal
field, general ordinary-derivative Lagrangian and gauge transformations are given by
L = 1
2
〈φ|E|φ〉 , (D.1)
E = E(2) + E(1) + E(0) , (D.2)
E(2) ≡ ✷− α∂α¯∂ + 1
2
(α∂)2α¯2 +
1
2
α2(α¯∂)2 − 1
2
α2✷α¯2 , (D.3)
E(1) ≡ e¯1α∂ + e1α¯∂ + e¯2α2α¯∂ + e2α∂α¯2 , (D.4)
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E(0) ≡ m1 + α2α¯2m2 + m¯3α2 +m3α¯2 , (D.5)
δ|φ〉 = (G(1) +G(0))|ξ〉 , G(1) ≡ α∂ , G(0) ≡ b1 + α2b2 , (D.6)
e1 = ζe˜1υ¯
⊖ , e¯1 = υ
⊖˜¯e1ζ¯ , e2 = ζe˜2υ¯⊖ , e¯2 = υ⊖˜¯e2ζ¯ , (D.7)
m1 = υ
⊖m˜1υ¯
⊖ , m2 = υ
⊖m˜2υ¯
⊖ , (D.8)
m3 = ζ
2m˜3υ¯
⊖υ¯⊖ , m¯3 = υ
⊖υ⊖ ˜¯m3ζ¯2 , (D.9)
b1 = ζb˜1υ¯
⊖ , b2 = υ
⊖b˜2ζ¯ , (D.10)
e˜1 = e˜1(Nζ,∆
′) , ˜¯e1 = ˜¯e1(Nζ ,∆′) , e˜2 = e˜2(∆′) , ˜¯e2 = ˜¯e2(∆′) , (D.11)
m˜1 = m˜1(Nζ ,∆
′) , m˜2 = m˜2(∆
′) , m˜3 = m˜3(∆
′) , ˜¯m3 = ˜¯m3(∆′) , (D.12)
b˜1 = b˜1(Nζ ,∆
′) , b˜2 = b˜2(∆
′) , (D.13)
m˜†1 = m˜1 , m˜
†
2 = m˜2 , m˜
†
3 = ˜¯m3 , e˜†n = −˜¯en n = 1, 2 . (D.14)
We note that:
i) The Einstein-Hilbert operator E(2) (D.3) is fixed by requiring the 〈φ|E(2)|φ〉 part of the La-
grangian to be invariant under standard gradient α∂|ξ〉 part of gauge transformations (D.6);
ii) dependence of operators E (D.2), G(1), G(0) (D.6) on the oscillators in (D.7)-(D.13) is fixed by
requiring the ket-vectors E|φ〉, (G(1) +G(0))|φ〉 to satisfy constraints given in (5.26),(5.27);
iii) quantities e˜, m˜, b˜ in (D.11)-(D.13) depend Nζ and ∆′. Note that because |φ〉 (5.22) is poly-
nomial of degree-2 in ζ , the quantity m˜1 should be determined only for Nζ = 0, 1, 2, while the
quantities e˜1, ˜¯e1, b˜1 should be determined only for Nζ = 0, 1.
Thus all that is required is to find the dependence of the quantities e˜, m˜, b˜ on Nζ and ∆′. To
this end we study restrictions imposed by the gauge symmetries. Variation of Lagrangian (D.1)
under gauge transformations (D.6) takes the form (up to total derivative)
δL = 〈φ|(V(2) + V(1) + V(0))|ξ〉 , (D.15)
where V(n) stands for contribution involving n derivatives. Obviously, gauge invariance of La-
grangian requires the equations V(n)|ξ〉 = 0, n = 2, 1, 0. First, we consider the equation V(2)|ξ〉 =
0. To this end we compute V(2),
V(2) = ✷X(2),1 + α∂α¯∂X(2),2 + α2✷X(2),4 + (α∂)2X(2),5 ,
X(2),1 ≡ e1 + b1 , X(2),2 ≡ e1 + 2e2 − b1 ,
X(2),4 ≡ e¯2 − (d− 2)b2 , X(2),5 ≡ e¯1 + (d− 2)b2 , (D.16)
and note that solution to the equation V(2)|ξ〉 = 0 is given by
b˜1 = −e˜1 , b˜2 = − 1
d− 2˜¯e1(0,∆′) , (D.17)
e˜2 = −e˜1(0,∆′) , ˜¯e2 = −˜¯e1(0,∆′) . (D.18)
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Relations (D.18) imply the following representation for E(1) (D.4):
E(1) ≡ e¯1(α∂ − α2α¯∂) + e1(α¯∂ − α∂α¯2) . (D.19)
Second, we consider the equation V(1)|ξ〉 = 0. Using E(1) (D.19), we compute the gauge variation
of Lagrangian (D.1) to obtain the following expression for V(1) (D.15):
V(1) = α∂X(1),1 + α2α¯∂X(1),2 + α¯∂X(1),4 ,
X(1),1 ≡ m1 + e¯1b1 − 2(d− 1)e1b2 ,
X(1),2 ≡ 2m2 − e¯1b1 , X(1),4 ≡ 2m3 + e1b1 . (D.20)
Using (D.17),(D.20), we make sure that the equation V(1)|ξ〉 = 0 amounts to the equations
m˜1 = (Nζ + 1)˜¯e1e˜1 − 2d− 1
d− 2 Nζ e˜
(−1,−1)
1
˜¯e(−1,1)1 , for Nζ = 0, 1 , (D.21)
m˜2 = −1
2
˜¯e1(0,∆′)e˜1(0,∆′) , (D.22)
m˜3 =
1
2
e˜1(1,∆
′)e˜1(0,∆
′ + 1) , (D.23)
where, in (D.21) and below, e˜(p,q)1 stands for e˜1(Nζ + p,∆′+ q). The same shortcut we use for m˜1.
Also note that Eqs.(D.21)-(D.23) should be considered on space of ket-vector |ξ〉 (5.39).
Finally, we consider the equation V(0)|ξ〉 = 0. Expression for V(0) (D.15) can be presented as
V(0) = X(0),1 + α2X(0),2 ,
X(0),1 ≡ m1b1 + 2dm3b2 , X(0),2 ≡ m1b2 + 2dm2b2 + m¯3b1 . (D.24)
Using (D.17), we find that the equation V(0)|ξ〉 = 0 amounts to the following equations:
m˜
(1,0)
1 e˜
(0,1)
1 +
2d
d− 2Nζm˜
(−1)
3
˜¯e(−1,2)1 ∣∣∣
Nζ=0,1
= 0 , (D.25)
1
d− 2m˜
(0,−1)
1
˜¯e(0,1)1 + 2dd− 2m˜(−1)2 ˜¯e(0,1)1 + 2 ˜¯m3e˜(1,0)1 ∣∣∣Nζ=0 = 0 , (D.26)
where, in (D.25) and below, we use the shortcuts m˜(p)2 ≡ m˜2|∆′→∆′+p, m˜(p)3 ≡ m˜3|∆′→∆′+p. In
(D.25),(D.26), we use shortcut A|Nζ=0,1 = 0 for the respective two equations A|ξ1〉 = 0 and
A|ξ0〉 = 0, where the ket-vectors |ξ1〉 and |ξ0〉 are defined in (5.40),(5.41).
Equations (D.17),(D.18), (D.21)-(D.23), and (D.25), (D.26) are the restrictions imposed by the
gauge symmetries. These equations alone do not allow to determine quantities e˜, m˜, b˜ (D.11)-
(D.13) uniquely. Therefore we proceed with analysis of restrictions imposed by conformal boost
symmetries.
Analysis of restrictions imposed by conformal boost symmetries. Requiring Lagrangian
(D.1) to be invariant (up to total derivative) under conformal boost transformations given in (2.16),
(2.20), we find the equations
Ra†E + ERa + Ea(0) + E
a
(1) ≈ 0 , (D.27)
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Ea
(1)
≡ ∆′(2− α2α¯2)∂a
− (∆′ −Nζ + d− 2
2
)αaα¯∂ + (−∆′ −Nζ + d− 2
2
)α∂α¯a
+ (∆′ +
d− 2
2
)α∂αaα¯2 − (−∆′ + d− 2
2
)α2α¯aα¯∂ , (D.28)
Ea(0) ≡ e¯1(∆′ −Nζ +
d+ 2
2
)αa − (−∆′ −Nζ + d+ 2
2
)e1α¯
a
− (∆′ + d− 2
2
)e1α
aα¯2 + e¯1(−∆′ + d− 2
2
)α2α¯a . (D.29)
In (D.27) and below, we simplify our formulas as follows. Let A be some operator. We use the
relation A ≈ 0 in place of A|φ〉 = 0, where |φ〉 is defined in (5.22).
Because the operator Ra turns out to be degree-1 polynomial in the derivative we represent the
operator Ra as power series in the derivative,
Ra = Ra(0) +R
a
(1) , (D.30)
where Ra(n) stands for the contribution involving n derivatives. Using power series expansions of
operators E (D.2) and Ra (D.30), we see that Eqs.(D.27) amount to the following equations:
E(2)R
a
(1)
+ h.c. ≈ 0 , (D.31)
E(2)R
a
(0) + E(1)R
a
(1) + h.c. ≈ 0 , (D.32)
(E(1)R
a
(0)
+ E(0)R
a
(1)
+ h.c.) + Ea
(1)
≈ 0 , (D.33)
(E(0)R
a
(0)
+ h.c.) + Ea
(0)
≈ 0 . (D.34)
Most general form of the operator Ra that respects constraints (5.26),(5.27) is given by
Ra = ra
(0)
+ ra
(1)
+Ra
G
, (D.35)
ra
(0)
= r¯0,1(α
a − 1
d− 2α
2α¯a) + r0,1α¯
a + r¯0,6α
2α¯a + r0,6α
aα¯2 , (D.36)
ra(1) = (r1,1 + r1,2α
2α¯2 + r1,3α
2 + r1,4α¯
2)∂a
+ r1,5(α
a − 1
d− 2α
2α¯a)α¯∂ + r1,6α¯
aα¯∂ + r1,10α
2α¯aα¯∂ , (D.37)
Ra
G
= Gra
G
, G ≡ G(1) +G(0) , (D.38)
ra
G
= rG,1α¯
a + rG,2α
a + rG,3α
aα¯2 , (D.39)
r0,n = ζr˜0,nυ¯
⊕ , r¯0,n = υ
⊕˜¯r0,nζ¯ , n = 1, 6 ; (D.40)
r1,n = υ
⊕r˜1,nυ¯
⊕ , n = 1, 2, 5, 10 ; (D.41)
r1,3 = υ
⊕υ⊕r˜1,3ζ¯
2 , (D.42)
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r1,n = ζ
2r˜1,nυ¯
⊕υ¯⊕ , n = 4, 6 ; (D.43)
rG,n = υ
⊕r˜G,nυ¯
⊕ , n = 1, 3 ; (D.44)
rG,2 = υ
⊕υ⊕r˜G,2ζ¯
2 , (D.45)
r˜0,1 = r˜0,1(Nζ ,∆
′) , ˜¯r0,1 = ˜¯r0,1(Nζ,∆′) , (D.46)
r˜0,6 = ˜¯r0,6(∆′) , ˜¯r0,6 = ˜¯r0,6(∆′) , (D.47)
r˜1,n = r˜1,n(Nζ ,∆
′) , n = 1, 5 ; (D.48)
r˜1,n = r˜1,n(∆
′) , n = 2, 3, 4, 6, 10 ; (D.49)
r˜G,1 = r˜G,1(Nζ ,∆
′) , r˜G,n = r˜G,n(∆
′) , n = 2, 3 , (D.50)
where G(1), G(0) are given in (D.6). We see that in order to fix Ra we have to find quantities r˜ in
(D.46)-(D.50). Note that because Ra (D.35) can be presented as in (D.30) with
Ra(0) = r
a
(0) +G(1)r
a
G
, Ra(1) = r
a
(1) +G(0)r
a
G
, (D.51)
and view of the relation EGra
G
|φ〉 = 0, all terms proportional to ra
G
cancel automatically in
Eqs.(D.31)-(D.34). This implies that, in (D.30), we can replace ra
(0)
for Ra
(0)
and ra
(1)
for Ra
(1)
in
analysis of Eqs.(D.31)-(D.34). We now analyze Eqs.(D.31)-(D.34) in turn.
i) Because analysis of Eqs.(D.31) is straightforward we just present our result. This is to say that
Eqs.(D.31) lead to the following constraints:
r†1,1 = r1,1 , r1,n = 0 , n = 2, 3, 4, 5, 6, 10 . (D.52)
ii) Analysis of Eqs.(D.32) is also straightforward. Therefore we just present result of our analysis.
Namely, Eqs.(D.32) amount to the following relations:
r¯0,1 = [e¯1, r1,1] , r0,1 = −r¯†0,1 , r¯0,6 = 0 , r0,6 = 0 . (D.53)
To summarize, Eqs.(D.31),(D.32) lead to the following expressions for ra
(0)
, ra
(1)
:
ra
(0)
= r¯0,1
(
αa − 1
d− 2α
2α¯a
)
+ r0,1α¯
a , ra
(1)
= r1,1∂
a , (D.54)
r¯0,1 = [e¯1, r1,1] , r
†
1,1 = r1,1 . (D.55)
iii) We proceed with the detailed analysis of Eqs.(D.33). Using the relations
E(1)r
a
(0) = e1r¯0,1∂
a − e¯1r¯0,1α2∂a
+
( 2
d− 2e1r¯0,1 + e¯1r0,1
)
α∂α¯a + e1r¯0,1α
aα¯∂
+ e¯1r¯0,1α
aα∂ + e1r0,1α¯∂α¯
a − e¯1r0,1α2α¯∂α¯a , (D.56)
E(0)r
a
(1)
=
(
m1r1,1 +m2r1,1α
2α¯2 + m¯3r1,1α
2 +m3r1,1α¯
2
)
∂a , (D.57)
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we find that Eqs.(D.33) amount to the following equations:
−r0,1e¯1 + e1r¯0,1 + [m1, r1,1] + 2∆′
∣∣∣
Nζ=0,1,2
= 0 , (D.58)
[m2, r1,1]−∆′
∣∣∣
Nζ=0
= 0 , (D.59)
−e¯1r¯0,1 + [m¯3, r1,1]
∣∣∣
Nζ=0
= 0 , (D.60)
r0,1e1 + [m3, r1,1]
∣∣∣
Nζ=0
= 0 , (D.61)
2
d− 2e1r¯0,1 + e¯1r0,1 − r0,1e¯1 −∆
′ −Nζ + d− 2
2
∣∣∣
Nζ=0,1
= 0 , (D.62)
−e¯1r0,1 +∆′ − d− 2
2
∣∣∣
Nζ=0
= 0 , (D.63)
[e¯1, r¯0,1]
∣∣∣
Nζ=0
= 0 . (D.64)
In (D.58)-(D.64), we use shortcut A|Nζ=0,1,2 = 0 for the respective three equations A|φ2〉 = 0,
A|φ1〉 = 0, A|φ0〉 = 0, where ket-vectors |φ2〉, |φ1〉, and |φ0〉 are defined in (5.23), (5.24), and
(5.25). We proceed with analysis of Eqs.(D.62). For Nζ = 0, Eqs.(D.62) lead to the relation˜¯e1(0,∆′)r˜0,1(0,∆′) = −2 , (D.65)
which implies that ˜¯e1(0,∆′) 6= 0. Taking this into account, using (D.14) and appropriate field
redefinitions, we find the solution
˜¯e1(0,∆′) = −1 , e˜1(0,∆′) = 1 . (D.66)
Using r˜†0,1 = −˜¯r0,1 (see (D.53)) and (D.65),(D.66), we get
r˜0,1(0,∆
′) = 2 , ˜¯r0,1(0,∆′) = −2 . (D.67)
Using (D.66),(D.67), we find that, for Nζ = 1, Eqs.(D.62) lead to
˜¯e1(1,∆′)r˜0,1(1,∆′) = −2d− 1
d− 2 , (D.68)
while Eqs.(D.64) lead to
˜¯r0,1(1,∆′) = 2˜¯e1(1,∆′) , r˜0,1(1,∆′) = 2e˜1(1,∆′) . (D.69)
Plugging (D.69) into (D.68), we obtain
˜¯e1(1,∆′)e˜1(1,∆′) = −u2f , (D.70)
where uf is given in (8.36). From (D.14), (D.70), we see that e˜1(1,∆′) is fixed uniquely up to a
phase. Using field redefinitions, the phase of e˜1(1,∆′) can be set equal to zero. We obtain then
e˜1(1,∆
′) = uf , ˜¯e1(1,∆′) = −uf . (D.71)
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Using (D.66),(D.71) and (D.21)-(D.23), we find
m˜1(0,∆
′) = −1 , m˜1(1,∆′) = 0, m˜2 = 1
2
, m˜3 =
1
2
uf , ˜¯m3 = 1
2
uf . (D.72)
Eq.(D.25) and relations (D.21),(D.22) allow us to fix m˜1(2,∆′):
m˜1(2,∆
′) =
d
d− 2 . (D.73)
Using the results above-obtained, we find that Eqs.(D.58) amount to r˜1,1 = −2.
iv) Finally, using the results above-obtained, we check that Eqs.(D.34) are satisfied automatically.
Appendix E Counting of on-shell D.o.F for spin-3
2
con-
formal field
We analyze on-shell D.o.F for spin-3
2
conformal field that is described by the standard higher-
derivative Lagrangian given in (8.1). Lagrangian (8.1) leads to the equations of motion given by
✷
kP ab3/2 ∂/ ψ
b = 0 . (E.1)
We analyze equations of motion (E.1) by using light-cone gauge condition and gamma-transversality
condition to fix the respective ξ- and λ-gauge symmetries (8.3),
ψ+ = 0 , γaψa = 0 . (E.2)
Using (E.2), we prove that Eqs.(E.1) amount to the following equations (for details, see below):
✷
k ∂/ ψa = 0 , ✷k−1 ∂/ ∂aψa = 0 . (E.3)
Introducing fields ψak′ , k′ ∈ [k]1, ψk′ , k′ ∈ [k−1]1, and making use of the identification ψa−k ≡ ψa,
we rewrite Eqs.(E.3) into the ordinary-derivative form,
∂/ ψak′ + ψ
a
k′+1 = 0 , k
′ ∈ [k]1; (E.4)
∂/ ψk′ + ψk′+1 = 0 , k
′ ∈ [k − 1]1; (E.5)
γaψak′ = 0 , k
′ ∈ [k]2; (E.6)
γaψak′ + ψk′ = 0 , k
′ ∈ [k − 1]2 , (E.7)
where we use the conventions ψak+1 ≡ 0, ψ−k ≡ 0, ψk ≡ 0. Simple way to derive (E.4)-(E.7) is to
note the representation for the fields ψak′ , ψk′ in terms of the generic field ψa ≡ ψa−k,
ψak′ = ✷
k+k′
2 ψa−k , k
′ ∈ [k]2; (E.8)
ψak′ = −✷
k−1+k′
2 ∂/ ψa−k , k
′ = [k − 1]2; (E.9)
ψk′ = 2✷
k−1+k′
2 ∂aψa−k , k
′ ∈ [k − 1]2; (E.10)
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ψk′ = −2✷
k−2+k′
2 ∂/ ∂aψa−k , k
′ ∈ [k − 2]2. (E.11)
Note that light-cone gauge ψ+ = 0 and Eqs.(E.4) imply light-cone gauge for vector-spinor fields,
ψ+k′ = 0 , k
′ ∈ [k]1. (E.12)
Introducing the notation
ψa+ˆk′ ≡ Π+ˆψak′ , ψa−ˆk′ ≡ Π−ˆψak′ , ψ+ˆk′ ≡ Π+ˆψk′ , ψ−ˆk′ ≡ Π−ˆψk′ , (E.13)
Π+ˆ ≡ 1
2
γ−γ+ , Π−ˆ ≡ 1
2
γ+γ− , (E.14)
we note that the following fields in (E.13)
ψi+ˆk′ , k
′ ∈ [k]1 ; (E.15)
ψ+ˆk′ , k
′ ∈ [k − 1]1, (E.16)
turn out to be dynamical on-shell D.o.F. This to say that using Eqs.(E.4),(E.5), constraints (E.6),
(E.7), and light-cone gauge (E.12), we can solve the remaining fields in (E.13) in terms of on-shell
dynamical D.o.F. (E.15),(E.16),
ψi−ˆk′ = −
γ+
2∂+
γj∂jψi+ˆk′ −
γ+
2∂+
ψi+ˆk′+1 , (E.17)
ψ−+ˆk′ = −
∂j
∂+
ψj+ˆk′ +
1
2∂+
ψ+ˆk′+1 , (E.18)
ψ−−ˆk′ = −
γ+
2∂+
γj∂jψ−+ˆk′ −
γ+
2∂+
ψ−+ˆk′+1 , (E.19)
ψ−ˆk′ = −
γ+
2∂+
γj∂jψ+ˆk′ −
γ+
2∂+
ψ+ˆk′+1 . (E.20)
Relations (E.17), (E.18), and (E.20) are obtained from (E.4), (E.5), while relation (E.19) is obtained
from (E.17) and the following relations:
ψ−+ˆk′ = −
1
2
γ−γiψi−ˆk′ , k
′ ∈ [k]2; (E.21)
γiψi+ˆk′ = 0 , k
′ ∈ [k]2; (E.22)
ψ−+ˆk′ = −
1
2
γ−γiψi−ˆk′ −
1
2
γ−ψ−ˆk′ , k
′ ∈ [k − 1]2; (E.23)
γiψi+ˆk′ + ψ
+ˆ
k′ = 0 , k
′ ∈ [k − 1]2 , (E.24)
which are obtainable from algebraic constraints (E.6),(E.7).
Thus, we get on-shell D.o.F (E.15),(E.16) subject to constraints (E.22),(E.24) and the con-
straints Π−ˆψi+ˆk′ = 0, Π−ˆψ
+ˆ
k′ = 0. Obviously, such on-shell D.o.F are in one-to-one correspondence
with on-shell D.o.F (8.9)-(8.12) subject to the constraints γiψik′ = 0, Π−ˆψik′ = 0, Π−ˆψk′ = 0.
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We finish with the derivation of Eqs.(E.3). Using gauge (E.2), we obtain the relation
(1− d)✷kP+b3/2ψb = ✷k−1
(
(d− 2)∂+ ∂/ ∂bψb + γ+✷∂bψb) . (E.25)
Use of relation (E.25) and Eq.(E.1) leads to the equation
✷
k−1
(
(d− 2)∂+ ∂/ ∂bψb + γ+✷∂bψb) = 0 . (E.26)
Multiplying this equation by γ+ gives
✷
k−1γ+∂+ ∂/ ∂bψb = 0 . (E.27)
Eq.(E.27) implies the relations
✷
k−1γ+✷∂bψb = ✷k−1γ+ ∂/ ∂/ ∂bψb = ✷k−12∂+ ∂/ ∂bψb . (E.28)
Plugging (E.28) into (E.26) and assuming that kernel of the operator ∂+ is trivial, we obtain the
second equation in (E.3). Finally, using the second equation given in (E.3) and the gauge condition
γaψa = 0 in equations (E.1), we obtain the first equation in (E.3).
Appendix F Spin-3
2
field: Derivation of Lagrangian,
gauge transformations, and operator Ra
We begin with the study of restrictions imposed by gauge symmetries. For the spin-3
2
conformal
field, general ordinary-derivative Lagrangian and gauge transformations are given by
iL = 〈ψ|E|ψ〉 , (F.1)
E = E(1) + E(0) , (F.2)
E(1) ≡ ∂/ − α∂γα¯− γαα¯∂ + γα ∂/ γα¯ , (F.3)
E(0) = (1− γαγα¯)eΓ1 + γαe¯1 + e1γα¯ , (F.4)
δ|ψ〉 = (G(1) +G(0))|ξ〉 , G(1) ≡ α∂ , G(0) ≡ f1 + γαf2 , (F.5)
eΓn = e˜
Γ
n−υ¯
⊖σ− + υ
⊖e˜Γn+σ+ , n = 1, 2, (F.6)
e1 = ζ(e˜1−π− + e˜1+π+)υ¯
⊖ , (F.7)
e¯1 = υ
⊖(˜¯e1−π− + ˜¯e1+π+)ζ¯ , (F.8)
f1 = ζ(f˜1−π− + f˜1+π+)υ¯
⊖ , (F.9)
f2 = υ
⊖(f˜2−π− + f˜2+π+)ζ¯ , (F.10)
e˜Γ1,± = e˜
Γ
1,±(Nζ ,∆
′) , e˜Γ2,± = e˜
Γ
2,±(∆
′) , (F.11)
e˜1,± = e˜1,±(∆
′) , ˜¯e1,± = ˜¯e1,±(∆′) , (F.12)
f˜1,± = f˜1,±(∆
′) , f˜2,± = f˜2,±(∆
′) , (F.13)
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e˜Γ†1± = e˜
Γ
1∓ , e˜
Γ†
2± = e˜
Γ
2∓ , e˜
†
1± = −˜¯e1± . (F.14)
We note that:
i) The Rarita-Schwinger operator E(1) (F.2) is fixed by requiring the 〈φ|E(1)|φ〉 part of the La-
grangian to be invariant under standard gradient α∂|ξ〉 part of gauge transformations (F.5);
ii) dependence of operators E (F.2), G(1), G(0) (F.5) on the oscillators in (F.6)-(F.13) is fixed by
requiring the ket-vectors E|ψ〉, (G(1) +G(0))|ξ〉 to satisfy constraints in (8.28)-(8.30);
iii) Quantities e˜Γ, e˜, f˜ in (F.11)-(F.13) depend Nζ and ∆′. Because |ψ〉 (8.22) is polynomial of
degree-1 in ζ , the quantities e˜Γ1± should be determined only for Nζ = 0, 1.
Thus all that is required is to find dependence of the quantities e˜Γ, e˜, f˜ on Nζ and ∆′. To this
end we study restrictions imposed by the gauge symmetries. Variation of Lagrangian (F.1) under
gauge transformations (F.5) takes the form
δL = −i〈ψ|(V1 + V0)|ξ〉+ h.c. , (F.15)
V1 = ∂/ X(1),1 + α∂X(1),3 + γα ∂/ X(1),4 ,
V0 = X(0),1 + γαX(0),2 , (F.16)
X(1),1 = f1 + e1 ,
X(1),3 = −(d− 2)f2 + eΓ1 , X(1),4 = (d− 2)f2 + eΓ2 ,
X(0),1 = e
Γ
1f1 + de1f2 , X(0),2 = e
Γ
1f2 + de
Γ
2f2 + e¯1f1 . (F.17)
Requiring the variation to vanish amounts to the equations V(1)|ξ〉 = 0, V(0)|ξ〉 = 0. The equation
V(1)|ξ〉 = 0 amounts to the relations
f1 = −e1 , f2 = 1
d− 2e
Γ
1 , f2 = −
1
d− 2e
Γ
2 , (F.18)
which should be considered on space of |ξ〉 (8.38). Using (F.18), we find that the equation V(0)|ξ〉 =
0 amounts to the relations
−eΓ1e1 +
d
d− 2e1e
Γ
1 = 0 , e¯1e1 +
d− 1
d− 2e
Γ
1e
Γ
1 = 0 , (F.19)
which should also be considered on space of |ξ〉. Equations (F.18),(F.19) summarize restrictions
imposed by the gauge symmetries. It is seen, that these equations alone are not enough to determine
the quantities e˜Γ, e˜, f˜ uniquely. In other words, restrictions imposed by the gauge symmetries
alone are not enough to determine the Lagrangian and gauge transformations uniquely. Therefore
we proceed with analysis of restrictions imposed by conformal boost symmetries.
Analysis of restrictions imposed by conformal boost symmetries. Requiring Lagrangian
(F.1) to be invariant (up to total derivative) under conformal boost transformations given in (2.16),
(2.20), we find the equations
(ERa + ĥ.c.) + Ea(0) ≈ 0 , (F.20)
Ea(0) ≡ ∆′(γa + γαγaγα¯)− αa(∆′ +
d− 2
2
)γα¯− γα(∆′ − d− 2
2
)α¯a . (F.21)
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In (F.20) and below, relations like A+ ĥ.c. stand for A−γ0A†γ0, where the hermitian conjugation
rules are given in (2.3). Also, in (F.20) and below, we simplify our formulas as follows. Let A be
some operator. We use the relation A ≈ 0 in place of A|ψ〉 = 0, where |ψ〉 is defined in (8.22).
The operator Ra turns out to be degree-1 polynomial in the derivative. Using power series
expansion of the operator E given in (F.2) and power series expansion of the operator Ra given by
Ra = Ra
(0)
+Ra
(1)
, (F.22)
where Ra(n) stands for the contribution involving n derivatives, we represent Eqs.(F.20) as
E(1)R
a
(1)
+ ĥ.c. ≈ 0 , (F.23)
E(1)R
a
(0) + E(0)R
a
(1) + ĥ.c. ≈ 0 , (F.24)
(E(0)R
a
(0)
+ ĥ.c.) + Ea
(0)
≈ 0 . (F.25)
Most general form of the operator Ra that respects constraints (8.28)-(8.30) is given by
Ra = ra(0) + r
a
(1) +R
a
G
+Ra
E
, (F.26)
ra(0) = r
Γ
0,1γ
a + rΓ0,2α
aγα¯+ rΓ0,3γαα¯
a
+ rΓ0,4γαγ
aγα¯+ rΓ0,5γαγ
a + rΓ0,6γ
aγα¯
+ r¯0,1α
a + r0,1α¯
a , (F.27)
ra(1) = r1,1∂
a + rΓ1,1γα∂
aγα¯ + rΓ1,2α
a ∂/ γα¯+ rΓ1,3γαγ
a ∂/ γα¯
+ rΓ1,4γα∂
a + rΓ1,5∂
aγα¯ + rΓ1,6γ
a ∂/ γα¯ ,
Ra
G
= Gra
G
, Ra
E
= ra
E
E , (F.28)
ra
G
= rG,1α¯
a + rG,2γ
a + rG,3γ
aγα¯ , (F.29)
ra
E
= rE,1γ
a + rE,2α
aγα¯ + rE,3γαα¯
a + rE,4γαγ
aγα¯
+ rE,5α
a + rE,6α¯
a + rE,7γαγ
a + rE,8γ
aγα¯ + rE,9γ
a , (F.30)
rΓ0,n = r˜
Γ
0,n−υ¯
⊕σ− + υ
⊕r˜Γ0,n+σ+ , n = 1, 2, 3, 4; (F.31)
rΓ0,5 = υ
⊕(r˜Γ0,5−π− + r˜
Γ
0,5+π+)ζ¯ , (F.32)
rΓ0,6 = ζ(r˜
Γ
0,6−π− + r˜
Γ
0,6+π+)υ¯
⊕ , (F.33)
r0,1 = ζ(r˜0,1−π− + r˜0,1+π+)υ¯
⊕ , (F.34)
r¯0,1 = υ
⊕(˜¯r0,1−π− + ˜¯r0,1+π+)ζ¯ , (F.35)
r1,1 = υ
⊕(r˜1,1−π− + r˜1,1+π+)υ¯
⊕ , (F.36)
rΓ1,n = υ
⊕(r˜Γ1,n−π− + r˜
Γ
1,n+π+)υ¯
⊕ , n = 1, 2, 3, (F.37)
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rΓ1,4 = (υ
⊕r˜1,4−υ¯
⊕σ− + υ
⊕υ⊕r˜1,4+σ+)ζ¯ , (F.38)
rΓ1,n = ζ(r˜
Γ
1,n−υ¯
⊕υ¯⊕σ− + υ
⊕r˜Γ1,n+υ¯
⊕σ+) , n = 5, 6 ; (F.39)
r˜Γ0,1± = r˜
Γ
0,1±(Nζ ,∆
′) , r˜Γ0,n± = r˜
Γ
0,n±(∆
′) , n = 2, 3, . . . , 6 , (F.40)
r˜0,1± = r˜0,1±(∆
′) , ˜¯r0,1± = ˜¯rΓ0,1±(∆′) , (F.41)
r˜1,1± = r˜1,1±(Nζ ,∆
′) , r˜Γ1,n± = r˜
Γ
1,n±(∆
′) , n = 1, . . . , 6 . (F.42)
From these relations, we see that in order to fix Ra we have to find quantities r˜ in (F.40)-(F.42).
Because of the relation EGra
G
|ψ〉 = 0, we note that the Gra
G
contribution to Ra satisfies equations
(F.20) automatically without any restrictions on rG,n. Therefore in what follows we ignore all rG,n
contributions in our analysis of Eqs.(F.23)-(F.25). We now analyze Eqs.(F.23)-(F.25) in turn.
i) Using Eqs.(F.23), we find the following relations:
r†1,1 = r1,1 , (F.43)
rΓ1,n = 0 , n = 1, . . . , 6 , (F.44)
r†
E,n = rE,n , n = 1, 4, 9 ; (F.45)
r†
E,2 = rE,3 , r
†
E,5 = −rE,6 , r†E,7 = −rE,8 . (F.46)
Note that operator Ra
E
(F.28), with rE,n subject to constraints (F.45),(F.46), satisfies the equations
ERa
E
+ ĥ.c. ≈ 0 . (F.47)
Comparing (F.47) and (F.20), we see that the operator Ra
E
does not contribute to Eqs.(F.24), (F.25).
This implies that Eqs.(F.24),(F.25) do not impose additional restrictions on the Ra
E
and we can
ignore the operator Ra
E
in analysis of Eqs.(F.24),(F.25). Therefore in the subsequent analysis of
Eqs.(F.24),(F.25) we replace ra
(0)
for Ra
(0)
and ra
(1)
for Ra
(1)
.
ii) We now analyze Eqs.(F.24). From these equations, we find the following relations:
rΓ0,2 = 0 , r
Γ
0,4 = 0 , r
Γ
0,6 = 0 , (F.48)
rΓ†0,1 = −rΓ0,1 , (F.49)
rΓ0,3 = −
2
d− 2r
Γ
0,1 , r
Γ
0,5 = −
1
d− 2 r¯0,1 , (F.50)
r0,1 = −r¯†0,1 , (F.51)
rΓ0,1 =
1
2
[r1,1, e
Γ
1] , r¯0,1 = [e¯1, r1,1] . (F.52)
These relations lead to the following representation for the operator Ra:
ra
(0)
= rΓ0,1(γ
a − 2
d− 2γαα¯
a) + r¯0,1(α
a − 1
d− 2γαγ
a) + r0,1α¯
a , (F.53)
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ra
(1)
= r1,1∂
a . (F.54)
iii) Using (F.53), we find that Eqs.(F.25) amount to the following equations:30
{eΓ1, rΓ0,1}+
2
d− 2(−e1r¯0,1 + r0,1e¯1) + ∆
′
∣∣∣
Nζ=0,1
= 0 , (F.55)
{eΓ1, rΓ0,1}+∆′
∣∣∣
Nζ=0
= 0 , (F.56)
2
d− 2e
Γ
1r
Γ
0,1 + e¯1r0,1 −∆′ +
d− 2
2
∣∣∣
Nζ=0
= 0 , (F.57)
[eΓ1, r¯0,1]−
4
d− 2r
Γ
0,1e¯1
∣∣∣
Nζ=0
= 0 , (F.58)
[e¯1, r
Γ
0,1] +
1
d− 2e
Γ
1r¯0,1
∣∣∣
Nζ=0
= 0 . (F.59)
Plugging (F.52) into (F.55), we get
[r1,1,
1
2
eΓ1e
Γ
1 +
2
d− 2e1e¯1] + ∆
′
∣∣∣
Nζ=0,1
= 0 . (F.60)
Using Eq.(F.60) when Nζ = 0, we make sure that Eq.(F.60) implies e˜Γ1±(0,∆′) 6= 0. Taking this
into account and using appropriate field redefinitions, we find the solution
e˜Γ1±(0,∆
′) = 1 . (F.61)
Using (F.61) in (F.60) when Nζ = 0, we find
r˜1,1±(0,∆
′) = −2 . (F.62)
From these relations and restrictions imposed by gauge symmetries (F.19), we obtain
e˜1± = uf , ˜¯e1± = −uf , e˜Γ1±(1,∆′) = dd− 2 , (F.63)
where uf is given in (8.36). Note that, from the 2nd equation in (F.19), the quantities e˜1± are
determined up to phase. Using field redefinitions, the phase can be set equal to zero.
Using Eq.(F.60) when Nζ = 1, we find r˜1,1±(1,∆′) = −2. We make sure that Eqs.(F.56)-(F.59)
are satisfied automatically. To summarize, we finished analysis of Eqs.(F.24).
iii) Finally, we analyze Eqs.(F.25). Using the results above-obtained, we check that these equations
are satisfied automatically.
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